Technigues of Integration
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7.1 Concepts Review 5 .[ 2dx :ltan‘1(5j+c
. X“+4 2
1. elementary function
_ X X
2. Iu5du 6. u=2+¢e",du=e’dx
X
j ¢ dx = du
3. eX 2+ex u
=Inu|+C
2
4, .[1 uddu :In‘2+eX +C
=In(2+e*)+C

Problem Set 7.1
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10. u=2t+1 du=2dt

5 5:du
I\/2t+1dtzﬁjﬁ

=5Ju+C
=5Jy2t+1+C
tanz 2
11. Icoszzdz_jtanzsec zdz

u=tanz, du —sec? zdz
jtan zsec? zdz :Iu du

12. u=cosz, du=-sinzdz
IeCOSZ sinzdz = —Iecosz (-sinzdz)

=—Ie”du =—e'+C

— _ef0sZ , ¢

13. u:\/f,du:idt
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14, u=x2, du = 2x dx

,[ 2xdx _J- du
\/1—x4 \/1—u2
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/4 212
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Instructor's Resource Manual

16.

17.

18.

19.

20.

21.

U= Viox, du=—— 1 dx
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0 Ji-x
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2
I%dx=!(3x—l)dx+_[$dx

:gx2 -x+In|x+1+C

x
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= j(x +x+8)dx+8j—d
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u =In4x2,du =gdx
X

jsin(ln 4x2)

dx = lJ‘sin udu
X 2

= —lcosu +C
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X

2
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=1J‘sec2 udu
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2

= %tan(ln X)+C
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22 Uu=x du—2xdx 97 jsmx cosx | j[l_cosxjdx

J. X B J. SIn X Sin X
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1 2 =x—Inju[+C
-1
:Zta” (7]“: =x—Infsinx|+C
oy oy 28. u=cos(4t—1), du = -4 sin(4t — 1)dt
23. u=1-e"", du=-2e""dx sin(4t —1) sm(4t D
2x I 2 dt =I
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26. jnlezcosxsin Xdx = —J.E/GZCOSX(—sin x dx) u=sinx, du = cos x dx
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33. u=t3-2, du=3t2dt 39. u=3y?, du=6ydy

2 3
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—  dt== du ——dy==|——=0du
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'[ sin? 2x '[sin2 2X J.sinz 2X SI( ) 3
:J‘csc2 2xdx+_[cot2xcsc2xdx _Lenhaxac
:—lcot2x—£csc2x+c
41. u:x3, du = 3x%dx
35. u :t3—2, du = 3t2dt sz sinh x3dx=%jsinhu du
jtz cosz(t3—2) dt—ljcoszudu 1
sin?(t3 - 2) 37 sinu =§coshu+C
1¢ 1 2
:§jcot udu :gj(csc u—1)du :%coshx3+c
1
=§[—cotu—u]+cl 42. u=2x,du=2dx
1 3 3 0 w2ty
==[-cot(t® -2) - (t° - 2)]+ X= U
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1 3 3 5. _41(u
=——[cot(t” —-2)+t°]+C =—sin""| = |+C
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j - dt:-je du 3 2
1+4t
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Instructor's Resource Manual Section 7.1 415

© 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently exist. No portion of
this material may be reproduced, in any form or by any means, without permission in writing from the publisher.



45. u=cos X, du =-sin x dx 50 j 3 dx
j“’zsiL :_j ier6x—x2 T (2 —6x+9-25)
0 16+ cos? x 16 +u?
11 =I =I
= du
ST J-(x=3)2 152 7 [52 —(x-3)>
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0
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1j 6-2x dx

V16 46X — G

4
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€ 53. u=+/2t,du=~/2dt
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:E[In(e +lj—2]:0.6625 ‘ft‘
2 2 sec +C
3
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47. dx = dx
jx2+2x+5 ‘[x2+2x+1+4 54 .[ tan x ,[COSX tan x
:I;d(XJ’D \sec? x - COSX \/sec? x —
(x+1)2+22 sin x d
= | ———0dx
= ltan_1 [X—HJ+C \/1—4cos2 X
2 2 u =2 cos x, du =2 sin x dx
sin x 1 1
1 1 0 dx=—=[———du
48. I 7 dX:I 3 dx IVl—4coszx ijll—uz
X° —4x+9 X° —4x+4+5 1 1
1 =—=sintu+C =——sin‘l(2(:osx)+C
:jﬁd(x—Z) 2 2
(x=2)? +(/5)
1 X—2 55. The length is given by
=£tan_ ( \/g j+C 2
L:jb 1+[d—yj dx
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49. J. .[ nl4 2
ox? +18x+10 Ox? +18x+9+1 _J' _( sin x)
I 2 14
(3X+3) +1 =J‘(;E 1+tan2xdx=‘|‘(;t * Jsec? x dx

:|7r/4

u=3x+3 du =3 dx
=IJ sec x dx —[In|secx+tan x|

J Hi
(3x+3) 2 2+12 =In[v2+1-Inft| =In|V2+1 ~ 0.881
:%tan‘1(3x+3)+C
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1 1l+sinx 57. u=x- z,du=dx

56. secx= = g .
cosx  cosx(L+sin x) IZn x[sin x| dx = .[ (U+7T)|S|n(U+TE)| d
. . . i 2
_sinx+sin? x+cos? x _sin x(1+sin x) +cos® x 0 1+cos®x ™ 1+cos® (u+m)
cos X(1+sin x) cos x(1+sin x) _ (U+7T)|S|”U|
smx COS X -T 1+cos?u
ulsinu sinu
“Cosx | 1+sinx _ (" | 2| du+In | 2| du
- ]
Isecx J-(smx Cos X jdx 1+cos”u 1+cos®u
cosx l+sinx n ulsinul
I —Zdu=0 by symmetry.
_J‘SInX J‘ COS X dx —T14+cos“u
oS X 1+sinx n mfsinu| n msinu
For the first integral use u = cos x, du = —sin x dx, _[_n > du=2J‘O >—du
. . . 1+cos“u 1+cos“u
and for the second integral use v =1 + sin x, _ .
"~ vV =cos u, dv=-sinu du
dv = cos x dx. 1 L
sin x CoS X du pdv 2_[ —= _dv= 2“.[ —~ _dv
— X+ [ ——dx=—-|—+|— 1 2 1142
-[cosx -[1+sinx u v 1+v 1+v
=—Inu|+Injv|+C =2nftan " vty = 2n| | =L
. 4 4
=—In|cos x|+ In[L+sin x|+ C
1+si =27 il - 2
—InlEESNX 2
COS X
=In|secx+tan x|+ C
3z T
58. V =2n_[ ‘jt[x+zj|sin X — cos x| dx
T4
u=x—£,du=dx
4
T
\% :ZnJ‘ZK(u +£j sin(u +£J—cos(u +£) du
= 4 4
S m\WEZ. NE N AL
=2nj | u+= ||==sinu+——cosu———cosu+——sinu|du
=" 2) 2 2 2
_27'c (u+ J‘x/_smu‘du—Z\/_ﬁj'z u|smu|du+x/_7z2j2 |sinuldu
2J§nffﬂu |sinu|du=0 by symmetry. Therefore,
T
V =+/2n? 2jzs|nudu—2\/_n [-cosulg = 2\2n?
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7.2 Concepts Review 6. u=x dv = sin 2x dx

du = dx v=—£cost
1. uv—Ivdu 2
. 1 1
2. x:sinx dx jxsm 2xdx:—5x0052x—j—5c052xdx
1 1.
3.1 =—=XC0S2X+—sin2x+C
2 4
4. reduction
7. u=t-3 dv = cos (t - 3)dt
du =dt v=sin (t-3)
Problem Set 7.2 j(t-s)cos(t-s)dt = (t—3)sin(t—3)—jsin(t—3)dt
1 4 Xq =(t-3)sin(t-3)+cos(t-3)+C
L u=x v =e”"dx
du = dx v =¢eX 8. u=x-rx dv = sin(x)dx

du =dx V = —CO0S X

Ixexdx=xex—jexdx =xe*—e*+C _
j(x—n)sm(x)dx =—(X—-m) cosx+_[cosxdx

2 u=x dv = e3¥dx =(z —=x)cosx+sinx+C
du = dx v:ie?’x 9. u=t dv =+t+1dt

_ 2 3/2
Ixe?’xdx =%xe3X —j%e”dx du=dt Y73 t+D

2 3/2 (2 3/2
zéxegx_éegx_{_c J't\/t+1dt—3t(t+1) j3(t+1) dt
“Zhee)¥2 2124
3. u=t dv=e""qt 3 15

1
du=dt v:ge?’t“E 10. u=t dv =2t + 7dt
_ _3 413
J'te5t+ndt - lte5t+7t _ I%GSt+ndt du =dt V= 8 (2t+7)
3 3
3 _3 413 (3 4/3
_ % @St _ L Sten o j t3/2t + 7dt = 8t(2t+7) j . (2t+7)*3dt

:§t(2t+7)4’3-i(2t+7)7’3+c
4, u=t+7 dv=e?"3dt 8 112

du = dt V=%e2t+3 11. u=In3x dv = dx

1
du =—=dx V=X
[+ 7)e? 3t = %(t + 1) - | %e2t+3dt X

1
In3xdx =xIn3x—| x=dx =xIn3x—x+C
=%(t+7)82t+3_%82t+3+c J‘ J‘ X

:%e2t+3+$e2t+3+c 12, u=In(7x%) dv=dx

du=§dx V=X
5. u=x dv = cos x dx X

du =dx vV =sinx 5 5 5
In(7x°)dx = xIn(7x’) - | x—d
jxcosxdx=xsinx—jsinxdx _[n( X7)dx = xIn(7x7) IXX X

=xsinx+cosx+C =xIn(7x°)-5x+C
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13. u=arctan x dv = dx

1
du = 5 dx V=X
1+Xx
Iarctan X = xarctanx — I 5 dx
1+x
= Xxarctan x——I dx

14 x2

= xarctan x—EIn(1+ x2)+C

14. u = arctan 5x dv = dx
du = 5 5 dx v=x
1+ 25x

dx

jarctan 5x dx = xarctan5x — J'
1+ 25x2

50x dx
1+ 25x2

= xarctan5x —lj.

= xarctan 5x —%In(1+ 25x2) +C

15. u=Inx dv=d—)2(
X
du:ldx v:—l
X
I'”—zxd __Inx_ J(&jdx
X X X\ X
:_In_x_l+c
X X
5 1
16. u=In2x dv=—dx
2
X
du—édx v:—1
X X
3
3
j In22x d =[——In2x5} +5I izdx
2 x X s Y2y
3
:[—EInZXS—E}
X1z

X
(L32[ _Lne. 5y 2
_( JIn2-3%) 3) [ SIn(2:2°) 2)

:—EInZ—EIn3—§+3In2+E
3 3 3 2

:§In 2—§|n3+§:0.8507
3 3 6
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17. u=Int dv:\/fdt

du=}dt v:3t3/2
t 3
j Jiintdt = t3’2| t —Jeztllzdt
p 13

e
=3e3/2 Ine—g-llnl—[ft?”z}
3 3 9 i

_2312_g_ A2, 4 2312 4 4 aa0a
3 ~L

e
3 9 9 9
18. u=Inx® dv = v/2xdx
du :de v :1(2x)3’2
X 3

5
jlsx/ﬂln x2 dx :E(ZX)WZ In xﬂ _11523/2\/;(1)(
i

5
5/2
_ 1(2x)3/2 Inx®_ 2 ,3/2
3 3

1

5/2 5/2
_Lao@2ins3 2 5302 —(1(2)3/2 In1® -Z—J
3 3 3 3

4\/_ N2p32 4\/_

2 1 10%21n5 ~ 31.699

19. u=Inz dv = 2%z

du=£dz v:lz4

141d

Iz Inzdz—zz Inz- I
—i *Inz- jz3dz

:lz4lnz—iz4+C
4 16

20. u=arctant dv=tdt
du = ! 5 dt v:lt2
1+t 2

2

jtarctantdt = 2t arctant——j

1+12
:ltzarctant—lj'lﬂ z_ldt
2 1+t
1t arctant —= J'dt+ I 2
2 1+t

= %tz arctant —lt +%arctant +C
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7 5
21. u=arctan Gj dv = dt 22. u=In(t") dv=todt

du:zdt v=1t6
t 6

du=- ! 5 dt v=t
1+t
1 7

Iarctan (Ejdt =tarctan (ljﬂ‘ t dt jts In(t”)dt :—t6 In(t") ——jtsdt

t t) J1+t? 6

6 6

:tarctan(1)+lln(1+t2)+c 6t Int’) - 6t +C

t) 2

23. u=x dv = csc? xdx

du = dx v =—cotXx

nl2

j:/lsz xcsc? xdx = [-xcotx]" ¢ jnllez cot xdx = [—x cot x +In|sin XHZE

01+ BBt = ® tn2~160
2 6 2

23
24, u=x dv = sec? xdx
du =dx V = tan x
'[TEsteczxdx:[xtanx“/4 j tanxdx_[xta1nx+ln|cosx|}n/4 E+In£— i+|n£
/6 /6 4 2 |6y3 2
In—~028
4 6«/_ 2
25 u=x° dv = x2+/x3 + 4dx
du = 3x%dx v :g(x3 +4)3’2

Ix5 X +4dx=§x3(x3+4)‘°’/2 —f%xz(x3+4)3/2dx =§x3(x3+4)3/2 —%(x3 +4)%'2 ¢

26. u=x' dv = x8vx" +1dx

du = 7x8dx v:%(x7 +1)3’2

les x' +1dx =£x7 (x7 +1)3/2 —J.gxe(x7 +1)3/2dx =£x7(x7 +1)3/2 —i(x7 +1)5/2 +C
21 3 21 105

3
_h .t
27. u=t dv—(7_3t4)3/2dt
1
du = 4t3 dt Ve—

t! t4

| t= —Ej PN &
(7_3t4)3/2 6(7—3t4)1/2 3 (7_3.[4)1/2 6(7—3t4)1/2

+%(7-3t4)1’2+c
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28, u=x? dv = xv/4 - x2dx
du = 2x dx v:—%(4—x2)3’2
Ix3 4—x2dx=—1x2(4—x2)3/2+3Ix(4—x2)3/2dx =—1x2(4—x2)3/2—3(4—x2)5/2+c
3 3 3 15
73
29, u=2% dv:ﬁdz
(4-77)
du = 42%dz v:;4
4(4-27)
7 4 3 4
I 242dz= z 2 —f z 4dz: : 2 +1In‘4—24‘+c
4-z%) 44-7") " 4-z 44-27") 4
30. u=x dv = cosh x dx
du =dx v =sinh x
J‘xcoshxdx:xsinhx—.[sinh xdx =xsinhx—-coshx + C
31. u=x dv = sinh x dx
du =dx v = cosh x
Ixsinhxdx:xcosh x—fcosh xdx =xcosh x—-sinhx+C
32. u=Inx dv = x M 2gx
du=£dx v =2xt2
X
N X i = 24X In x— 2[—2— dx = 24X Inx - 44X +C
J.W X =2/%xInXx - .[)(17 X =2VXInX =4/ X +
33. u=x dv=(3x+10)49dx
du = dx v :i(3x +10)50
150
[ x(@x+10)*dx = - (3x+10)° 1 [(3x+10)Pdx = =~ (3x+10)*° 1 x+10t4c
150 150 150 22,950
34. u=t dv=(t—1)12dt 36. u=z dv=a’dz
_ _1 13 du=dz v:iaZ
du = dt V—E(t—l) Ina
1 Z 1
1 12 t 13 11 13 Izazdz:—az—— a’dz
tt-D)“dt=| —(t-1 —— | (t=1)"dt
.[o( ) {13( ) L 13 0( ) Ina Ina
Z 7 1 z
¢ 5 1 1 1 :I—a - >a +C
=[—(t—1) _ L } _ L na’ (i)
13 182 o 182
) 37. u=x? dv = e*dx
35. u=x dv:i dx du = 2x dx v=eX
du = dx v =—2% 2, X0y — y20X _ X
n2 Ixedx xX‘e J.2xe dx
— _aX
szxdx:izx —ij‘2xdx u=x dv =e"dx
In2 In2 du =dx v=eX
:LZX—%Z’%C Ixzexdx=xzeX—Z(xeX—jede)
N2 (In2)
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2 ot B
38. 4 dv = xe* dx 41. u=e dv = cost dt

u=x
1 .2 ot o
du = 4x3dx volox dut e dt t % stmt
2 _[e costdt =e sint—je sintdt
2 2 2
Ix5ex dX:%X%X —f2X3eX dx u=et dv =sintdt
2 = t =
U= x2 v = 2xe*” dx du=-e'dt cos t
2 jet cost dt = &' sint—[—et cost+'[et costdt}
du = 2x dx v=e
2 2 2 2 el costdt =e'sint+e' cost — [el costdt
jx5ex dx:%x“ex —(xzex —j2xex dx] -[ I
2J‘et costdt =e'sint+e! cost+C

2 2 2
_ L 2 Lo e ; 14,.
2 je costdt=5e (sint+cost)+C

39. u=In?z dv =dz at :
42. u=e dv=sintdt
q _2Inzd _
u=——a V=1 du = ae®dt v =—cost
Ilnzzdz=zlnzz—2j'lnzdz _[eatsintdt=—eatcost+afeatcostdt
u=lInz dv = dz u=et dv = cos t dt
duzldz V=12 du = ae®'dt v=sint
z

) ) Jeatsintdt=—eatcost+a(eatsint—ajeatsintdt)
jln zdz=1zIn z—2(z|nz—J'dz)

) [esintdt = —e cost+ae™ sint—a’ e sintdt
=zIn“z-2zInz+2z+C

40. u=In?x%0 dv = dx (1+€;12)J'e""t5intdt:—eat cost +ae?tsint +C
401n x20 _edt at ¢
du = dx v=x jeatsintdtz ezcost+ae25|nt+c
a“+1 a“+1
Ilnz x20dx = xIn? x20 —40jln x20dx
43. u=x? dv = cos x dx
u=Inx% dv = dx )
du = 2xdx vV =sin X
du—ﬁdx V=X
T x - szcosxdx:xzsinx—IZXSinxdx
Ilnz x20dx = xIn? x20—40(xlnx20—20_|‘dx) u=2x dv =sin xdx

du = 2dx V = —CO0S X

= xIn? x?° —40xIn x?° +800x + C 2

Ixz cos X dx = x“ sin x—(—2xcosx+j2005xdx)

= x2sin X+ 2xcos X — 2sin x+C

44. u=r2 dv=sinrdr
du=2rdr V=-CoSTr
Irzsinrdr:—rzcosr+2Ircosrdr
u=r dv=cosrdr
du=dr v=sinr

2 2

Irzsinrdr:—r cosr+2(rsinr—jsinrdr) =-—r“cosr+2rsinr+2cosr+C
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45. u=sin(Inx) dv =dx
du =cos(In x).ldx V=X
X

j sin(In x)dx = xsin(In x) — j cos(In x) dx
u =cos (In x) dv =dx

du =—sin(In x)%dx V=X
[ sin(in x)dx = xsin(In x) —[x cos(In ) — [ —sin(In x)dx]
j sin(In x)dx = xsin(In x) — xcos(In x) — j sin(In x)dx

2Isin(ln x)dx = xsin(ln x) —xcos(ln x) + C

jsin(ln x)dx = g[sin(ln x)—cos(In x)]+C

46. u=cos(In x) dv = dx

du =-sin(In x)ldx V=X
X
Icos(ln x)dx = xcos(In x) + Isin(ln x)dx
u=sin(In x) dv = dx
du =cos(In x)ldx V=X
X
Icos(ln x)dx = xcos(In x) +[xsin(|n X) —Icos(ln x)dx}

ZI cos(In x)dx = x[cos(In x) +sin(In x)]+C

Icos(ln x)dx = %[cos(ln X)+sin(Inx)]+C

47. u=(In x)3 dv = dx
2
du:3In de V=X
X

j(ln x)3dx = x(In x)° -?,jln2 x dx
= xln3x—3(xln2 X=2xInx+2x+C)

=xIn®x=3xIn? x+6xINx—6x+C

48. u=(Inx)* dv = dx
3
du=4In de V=X
X

I(In x)4dx: x(In x)4 —4jln3xdx =xIn* x—4(x|n3x—3xln2 X+6xInx-6x+C)
= xIn* x —4xIn® x+12xIn? x — 24xIn X+ 24x+C
49. u=sinx dv = sin(3x)dx

du = cos x dx V= —%cos(Sx)

fsin xsin(3x)dx = —%sin X €0s(3x) +%.[cos xcos(3x)dx
U = Cos X dv = cos(3x)dx

du = -sin x dx v=%sin(3x)
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Isin xsin(3x)dx = —%sin x€0s(3x) +%Ecos xsin(3x) +%fsin xsin(3x)dx}
1. 1 . 1p. .

= —=sin xcos(3x) +=cos xsin(3x) +—jsm xsin(3x)dx
3 9 9

8¢ . . 1. 1 .

—Ism Xsin(3x)dx = —=sin x cos(3x) + =cos xsin(3x) + C

9 3 9

jsin xsin(3x)dx = —gsin X €0s(3x) +%cos xsin(3x) +C

50. u = cos (5x) dv = sin(7x)dx
du=-5sin(5x)dx v= —%cos(?x)

jcos(Sx) sin(7x)dx = —%cos(Sx) cos(7x) — ;[sin(Sx) cos(7x)dx
u = sin(5x) dv = cos(7x)dx

du=5cos(5x)dx v= %sin(?x)

j cos(5x)sin(7x)dx = —%cos(Sx) cos(7x) —?Esin(Sx)sin(?x) —?Icos(Sx)sin(?x)dx}
1 5 . . 25 .

= —7cos(Sx) cos(7x) —Esm(Sx)smUx) +E'[cos(5x)sm(7x)dx

%I cos(5x)sin(7x)dx = —%cos(Sx) cos(7x) — %sin(Sx) sin(7x)+C

. 7 5 . .
jcos(Sx)sm(?x)dx = —acos(Sx) cos(7x) —asm(Sx)sm(?x) +C

51. u=e* dv =sin fz dz

du = ae**dz V= —%cos Lz

je‘“ sin fzdz = —%e‘” cos Sz +%je“z cos fzdz

u=e* dv = cos S dz

du = ae®*dz v:%sin Yi:

. 1 all . a .
e“?sin fzdz = ——e** cos Sz Jr—{—e‘)‘Z sin fz——|e%**sin fzdz
'[ B BLP ﬁ'[

2
__ Ll cos Bz +-% e sin pz —a—jeaz sin fzdz
2 2
B B
ﬂz +a? 7 . 1 .z A& g7
—Zje"‘ sin fzdz = ——e** cos pz +—2ea sin fz+C
B s B
— aZ 1 f—
je‘“ sin fzdz = — g 5 e*? cos fz+ 3 e“?sin fz+C = € (asmzﬂz ,fcosﬂz) +C
a®+p a”+p a”+p
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52. u=e% dv = cos Sz dz

du = ae**dz v="sin Yiy:
B

je“z cos Sz dz _Leargin Yizs —ﬁjeaz sin fzdz

B B
u=e? dv =sin £z dz
du = ae**dz v:—icosﬂz

B
1 . al 1 a
e%? cos fzdz = —e** sin Sz ——[——e“z cos fz +— | €% cos Bz dz}

j B BL B ﬂj

(24

2
_ 1w sin fz+— e%? cosﬁz—a—zj'e‘ZZ cos fzdz
s B B

2 52
a”+ a 1 .
—ﬂjeaz cos Bzdz = —e%** cos fz+—e**sin fz+C

az .
je“z cos fzdz = ™" (acos fz + Bsin pz) ic

a2 +/32
53. u=Inx dv = x%dx
1 a+l
du = =dx V= L a# -1
X a+l
a+l a+l a+l
jx“lnxdx:x Inx—L xadx:x Inx—— +C,a#-1
a+1 a+1 a+1 (a+1)°
54. u=(Inx)? dv = x%dx
a+l
du=2|nxdx V= o # =1
X a+l
a+l a+l a+l a+l
jxa(lnx)zdx:x—(lnx)z—ijxalnxdx:X (Inx)% - 2 | X X— +C
a+1 a+1 a+1 a+l| a+1 (a +1)?
a+l a+l a+l
_X (In x)2 —2X—2In x+2x—3+C,a¢—1
a+l (a+1) (a+1)
Problem 53 was used for jx“ In x dx.
55. u=x“% dv = e#X dx
du = ax®Ldx v:ieﬂx
o, fBX
jx“eﬁxdx :&—ﬁjx“‘leﬂxdx
p B
56. u=x* dv = sin Sx dx
du = ax® Ldx V= —icos Bx
s
o
Ix” sin Axdx = —LS/)7)(+£J'XO"1 cos Ax dx
s s
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57. u=x* dv = cos S dx

du = ax®tdx V= isin Bx
B
o
jxa cos Axdx :Lnﬂx—gj‘x“‘lsinﬂxdx
B B
58. u=(Inx)* dv =dx
a-1
du= de V=X
X

j (Inx)%dx = x(In X)* —a j (Inx)*Ldx

59. u=(a%-x%)% dv = dx
du = —2ax(a? - x?)*Ldx V=X

j(az -x?)%dx = x(a? = x?)* + ZaI x%(a% - x?)*Ldx

60. u=cos®tx dv = cos x dx

a-2

du = —(a —1)cos“™“ xsin x dx vV =sin x

-1

jcos“ xdx = cos* ™ xsin x + (« —1)J'coso“2 xsin? x dx

-1 1

=cos* T xsin x + (oz—l)jc;os”“2 x(1—cos? x)dx = cos® L xsinx+ (a —1)j cos? 2 xdx - (a —1)I cos” xdx

1

aI cos” xdx = cos* ™ xsin X + (« —1)jcos"“2 x dx

cos® L xsin x L@

(2

jcos"‘ xdx = ;1jcos"“2 x dx

61. u=cos* Bx dv = cos /x dx

du=-g(a-1 cos? 2 pxsin gxdx v :%sin PX

cos® Bxsin Bx

s
a-1 ;
= W+ (a —1)_[003"“2 Bx(1—cos? Bx)dx
_ cos®™* Bxsin Bx .
B

a-1 :
aI cos® Bx = Mﬂxsmﬂx +(a —1)j cos® 2 Bxdx

_[cos“ Bxdx = +(0:—1)J‘coso“2 Bxsin? pxdx

(o —1).[003"“2 Lxdx - (a —l)jcos“ Fxdx

a-1 ; _
Icos“ pxdx = cos” ” fixsin px + & 1'[cos"“2 Bxdx
afp a
62. Ix4e3xdx = 1x4e3x —ij‘x3e3xdx = £x4e3x _4 Ex3e3x —Ix2e3xdx
3 3 3 33
_1agax A aax 411 2k —g_[xe3xdx _lagax 4 aax Ao BI1 ax _lfeaxdx
3 9 33 3 3 9 9 93 3
_ }X4esx _ﬂxsesx +£x2e3x —ixe?’x +£e3x LC
3 9 9 27 81
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63. jx“cossxdx=lx4sin3x—ijx3sin3xdx L dsinax-2 —£x30053x+'[x20053xdx
3 3 3 3] 3
=£x4sin3x+ix3 cosSx—ﬂ 1x2 sin3x—gjxsin3xdx
3 9 3|3 3

4

=£x sin3x+ix3
3 9

cosSx—ix2 sin 3x+§ —lxcos3x+lj0053xdx
9 9] 3 3

14 4 4

==X"sin3x+—Xx 2
3 9

cossx—ﬂx sin 3x—ixcos3x+£sin 3x+C
9 27 81

64. jcosﬁiéxdx:icos53xsin3x+§jcos4 3xdx =icos53xsin3x+E ic0533xsin3x+§jcos2 3xdx
18 6 18 6|12 4
=icos‘r’3xsin3x+£cos33xsin3x+§ icos:-’>x5in3x+lj'dx
18 72 816 2
:i8c0553xsin3x+%coss3xsin3x+30053xsin3x+z+c

65. First make a sketch.

5

0( 5

5
From the sketch, the area is given by

' TTTT.

Ielnxdx
1
u=Inx dv = dx
du:ldx V=X
X

jlelnxdx:[xlnx]f—jledx =[xInx-xlf=(e-e)-(1-0-1)=1

%.V=Emm@%x

u=(In x)2 dv = dx
du:ZInde V=X
X

njle(ln x)% dx = n([x(ln x)zJj - Zjle In xdxj = n[x(ln X)2 —2(xInx— X)Jj = nx(Inx)% = 2xIn x + 2x{

=nf[(e—2e+2e)-(0-0+2)] =n(e—2) ~ 2.26
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67.

10x

9ne—x/34q _ of.x/3( 1 ) grax/39 _ 9 o
jose dx = 9j0e [ 3de— e3P = e3+9 ~ 8.55

9 9
68. V = jo n(3e /%)% dx = 9nj0 e=2X/3¢x

9
=9n[—§jj e'zxm(—gdxj o mpganizg  _2TR 2TR g3
2 )30 3 2 266 2

nl4 . nl4 nld4 .
69. jo (xcosx—xsmx)dx=jO xcosxdx—J‘0 xsin x dx

= [[xsin x]g/4 —J.(;CMsin xdxj —([—xcos x]g/4 +Ig/4cos xdx)

rl4 :%—1 ~ 0.11

=[XSin X+ €0S X+ XCOS X —Sin X]

Use Problems 60 and 61 for J'xsin xdx and jxcos xdx.

70. V =2n.|‘2nxsin(§jdx
0 2

u=x dv:sinidx
2

du=dx v= —2005%

X 2n o X X 2n
V =2n {—Zxcos—} +I 2cos—dx | =2n 4n+[4sin—} —8n
2]y 0 2 2y

71. jeln x2dx = Zjeln x dx
1 1
u=Inx dv =dx

du=1dx V=X
X

Zjleln xdx = 2([x|n X1 —Iledxj = 2(e—[x]f) =2

jexln x2dx = 2J.exln x dx
1 1

u=Inx dv =x dx

du =ldx v=1x2
X 2

e 5
2Iexlnxdx=2 lx2 In x —J.elxdx =2 le2— 1x2 =1(e2+1)
1 2 ; 12 2 4 L) 2
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1 e 2
EL (In x) dx
u=(n x)2 dv = dx

_ 2Inx
X

1ce 1 " e 1
Ejl (In x) dx :E([x(ln X2 - 2jl In xdx) = E(e— 2)

du dx v=x

¥ =2 =
2 4
7_%(9—2)_e—2
2 4
72. a. u=cotx dv = csc? xdx
du = —csc? xdx v = —cot X
Icotxcsczxdx:—cotzx—Icotxcsczxdx
ZI cot xcsc? xdx = —cot? x+C
1
_[ cot xcsc? xdx = —Ecot2 x+C
b. u=cscx dv = cot x csc x dx

du = —cot x csc x dx V = —CSC X
Icot xcsc? x dx = —csc? x—J'cotxcsc2 xdx

2I cot xcsc? xdx = —csc? x+C

1
j cot xcsc? xdx = —Ecsc2 x+C

c. —lcot2 X = —i(csc2 x=1) = —lcsc2 x+l
2 2 2 2

73. a. p(x)= x5 - 2x
g(x)=¢”
All antiderivatives of g(x) =e*
I(x3 —2x)e¥dx = (x% — 2x)e* — (3x% — 2)e* + 6xe* —6e* +C

b. px)= x2 —3x+1
g(x) = sin x
G; (x) = —cos x
G, (x) =—sinx
G3(x) =cosx

I(xz —3x+1sinxdx = (x2 —3X+1)(-cosx)—(2x—3)(-sinx)+2cos x+ C
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74. a. We note that the nth arch extends from x=2z(n-1)to x = z(2n-1), so the area of the nth arch is

z(2n-1) . .. .
A(n) = Xsin xdx . Using integration by parts:
272(n-1)

u=x dv =sin xdx
du =dx V =—C0S X

. 2n-1 - 201 r. 2n-1
A(n) = jé’/ﬁ%:_ll)) xsin xdx =[-xcos x]’zri(r(:{; - j;g%r?_ll)) —cos xdx =[-xcos x]’zzi([(Ll; +[sin x]’zri([(Ll;

=[-7(2n-1)cos(z(2n 1)) + 2z(n—1) cos(2z(n—1))] +[sin(z(2n -1)) —sin(2z(n—1))]
=—z(2n-)(-D)+272(n-1)(1)+0-0=7z[(2n-1)+(2n-2)]. So A(n)=(4n-3)z

3 .
b. V =2nj "x2 sin xdx
2n
u=x2 dv = sin x dx
du = 2x dx V = —C0S X

3
V= Zn[[—xz CoS XLR +_[::2xcosxdxj = 27{97:2 + 42 +j23:2xcosxdx]
T

u=2x dv = cos x dx
du=2dx vV =sinx

. 3 .
V= 27:[13;12 +[2xsin X3 —IZTTCEZSln xj

= 27t(13rr2 +[2cosxJ3" ) = 2n(13n° - 4) ~ 781

75. u=f(x) dv =sinnxdx
du = f'(x)dx v =—lcos nx
n
1 1 T 1¢n .
ap =—| | ——cos(nx)f(x) +—I cos(nx) f'(x)dx
T n _x n'm

Term 1 Term 2

Term1= 1cos(nrc)(f (-m)— f(n)) = J_rl(f (-m) - f(n))
n n
Since f'(x) is continuous on [~ , ], it is bounded. Thus, In cos(nx) f'(x)dx is bounded so
-T

lim a, = lim —{J_r(f (-m)— f(n))+jfncos(nx) f'(x) dx} =0.

1
n—o n—oo TN

n 1/n
76, Gn _[0+D(+2)-- (" KHEJ(HE)...(HEH

n [n"P" n n n

o) ol oo2)- (o)
:%Pn[n%}|n(1+%J+“'+'”[l+%ﬂ

lim In(&jzjzln xdx=2In2-1
n 1

nN—oo
lim (&J _ 22 _ g1 4
n—wo\ N e
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77. The proof fails to consider the constants when integrating %

The symbol j(]/t)dt is a family of functions, all of who whom have derivative % We know that any two of these

functions will differ by a constant, so it is perfectly correct (notationally) to write .[(l/t)dt = '[(]/t)dt +1

78. di[esx(Cl C0s7X +C, sin7X) + C3] = 5¢°* (C; c0s 7X + C, sin 7x) + €°X (<7C; 5in 7X + 7C, €S 7X)
X

=e>X[(5C; +7C,) cos 7x+ (5C, — 7C;) sin 7]
Thus, 5C; +7C, =4 and 5C, -7C; =6.

. 11 29
Solving, C; =-—;Cy =—
$MmTg Ty
79. u="1(x) dv = dx
du = f'(x)dx V=X

j: F(0dx =[xt (O] - j: X '(x)dx

Starting with the same integral,
u=f(x) dv = dx
du = f'(x)dx Vv=x-a

j: ) dx=[(x-a) f (] - j: (x—a) f'(x)dx

80. u="f'(x) dv = dx
du = f"(x)dx V=Xx-a
f(b)-f(a) :I: f'(x)dx :[(x—a)f'(x)]g1 —j:(x—a)f”(x)dx = f’(b)(b—a)—I:(x—a)f”(x)dx

Starting with the same integral,
u=f'(x) dv = dx
du = f"(x)dx v=Xx-b

f(b)— f(a) = j: f'(x)dx =[(x-b) ' (X)) - j: (x=b) f"(x)dx = f'(a)(b—a) —j:(x —b) £ "(x)dx

81. Use proof by induction.
n=1: f(a)+ f'(a)t—-a)+ .[; t=x)f"(x)dx=f(a)+ f'(@)t-a)+[f'(X)(t- x)]ta +I; f'(x)dx

= f(@)+ f'(@)(t-a)- f'(@)t-a)+[f ()]s = f (1)
Thus, the statement is true for n = 1. Note that integration by parts was used with u = (t — x), dv = f"(x)dx.
Suppose the statement is true for n.

n (i) . n
f(t)=f(a)+ Z%(t -a) +J';% § (n+1) (x)dx
il I

_ n
Integrate J.;w £ ("D (x)dx by parts.
n!

_ n
u= () v =L g
n!
_y\n+l
du = £ (72 (x) VR Gl i
(n+!
t
[0 0 g | 0™ pareny | (0™ 002
a nl (n+1)! a (n+1)!
a
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_ (t(; i)];l (ﬂ+1)( ) J't (t X) f(n+2) (X)dX

Thus £ = f(a)+ 3@ (a)(t a) + (t(nj)) 10D @)+ [L L X)) (2 (x)dx
i=1 !

n+l ¢ (i) .
= f (a) Z f (a) I +‘[; (t( )) (n+2) (X)dX

Thus, the statement is true forn + 1.

82. a B(a f)-= J.;x“’l(l— X)PLdx where o >1 A>1
x=1-u, dx=-du
j;x“-l(l— X)PLdx = jlo 1-u)* @) (-du) = | ;(1— u?tufdu = B(B, )
Thus, B(e, £) = B(8, ).

b. B(a, f)= I;x“_l(l—x)ﬁ_ldx

a-1

u=x dv=(1—x)ﬂ‘1dx
du=(a-1) x%~2dx V= —%(1— x)?

1
1 - a-1 - a-1 -
B(a, B)= [ Yk 1(1—x)ﬂ}0+710 Pa-n/ax= S a-x o .

B(a-1 B+1)

a-1
B

Similarly,

Ba, )= [, x* L1-x)/ L

u=@1-x»? dv = x*Ldx

—(,B—l)(l—x)ﬂ‘zdx v:ix“
(04

B(a, ﬂ):Ex“a—x)ﬁ 1} MJ X% (1-x)P2dx = p- 1] X% (1-x)P~ zdx—ﬂng(oﬁl,ﬂ—l)
0

c. Assume that n < m. Using part (b) n times,

B(n, m) = B(n 1L m+l) = wB(n—Z m+2)
m(m +1) ’
_ (n-1)(n-2)(n-3)...-2-1 B(L m+n_1).
m(m+1)(m+2)...(m+n-2)
1) — 1 _y\m+n-24, 1 _yym+n=1q1 _ 1
B(L m+n 1)_j0(1 X) dx=————[1-X) b=
Thus, B(n, m) = (n-1)(n-2)(n-3)...-2-1 :(n—l)!(m—l)!:(n—l)!(m—l)!
mm+1)(m+2)...(m+n-2)(m+n-1)  (M+n-1)! (n+m-=1!
(n-1)Y(m-1)! .
If n >m, then B(n, m) = B(m, n) =—————~ by the above reasoning.
(n+m-=1!
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83. u=f(t) dv = f"(t)dt
du = f'(t)dt v=f'(t)

j ) f(t)dt=[f(t)f (t) j [f/()]dt
= 1) f'(b)~ (@) (@)~ [ [FOFdt = [ /ot
[F'OF >0, so —j:[f'(t)]2 <0.

84, jox(j; f(z)dzjdt

- j(t) f(z)dz dv=dt
du = f(t)dt v=t

jox(j; f (z)dzjdt - [tj; f (z)dz}: - [Fefdt =[xt @)dz- [ttt
By letting z = t, joxx f(2)dz = joxx f(t)dt, so

jox(j; f(z)dzjdt =[x f@dt- [t f @dt = [ (x-0f @ct

85. Let | :J':J'Ct)l---ﬁ”_l f (t,)dt,...dt,dt; be the iterated integral. Note that for i > 2, the limits of integration of the

integral with respect to t; are 0 to tj_; so that any change of variables in an outer integral affects the limits, and

hence the variables in all interior integrals. We use induction on n, noting that the case n =2 is solved in the
previous problem.
Assume we know the formula for n—1, and we want to show it for n.

Xl et th— et th—
1= joljoz---jo" Lt (t,)dt,...dtgdt, dty :joljoz...jon 2E(t, 1) dt, .. dtgdtydl
where F(t, ;)= j;”’l f(t,)dn.
By induction,

- IOX F(t)(x-t)" " dy

“(n-2)!

U=F(t)=["f(t)dt,, dv=(x-t)""

- 1) ST
:—(nfz)!{{_nil( _tl) J‘;lf( nIi +—I (x- tl dtl}.
1

“ ik () (x—t)" Lt

(note: that the quantity in square brackets equals 0 when evaluated at the given limits)
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86. Proof by induction.

n=1:
u=PR(x) dv = e*dx
du:mdx v=e*

dx

Ie P (x)dx = e*P(x) - Ie 1(X)

=e*PR(x)- dPl(X)Ie dx =e*R(x)-e dF:;(X)

Note that % is a constant.
X

Suppose the formula is true for n. By using integration by parts with u = P,,;(x) and dv = e*dx,

jeXPn+1(X)dX = eXPn+1(X) —jex de
X

Note that w is a polynomial of degree n, so
X

n gt
JePuatdx=e wx)—[e*Z( pl 2 [dp“gi(x)j]_eXPn+1<x)—ex_z<—1)Jw

j=0 j=0 dx
n+l n+l
—e Pn+1(x) +eX Z( 1)] d Pn+1(X) X Z ( 1)] d Pn+1(X)
i dx dx/

jdIExt +2x%)

4
87. I(3x4 +2x2)eXdx = &% Z (-1 ]

= eX[3x* + 2x% —=12x3 — 4x + 36X% + 4— 72x + 72]
=e*(3x* —12x° +38x? - 76X+ 76)

7.3 Concepts Review 2. u=6x,du=6dx
J‘sin4 X dx = lJ.sin4 udu
6

2
:lj(l—cos2uj du
6 2

= 2—14J'(1— 2C0S 2U + C0S° 2u)du

1 jl+ CoS 2X dx

2. I(l—sinz X) cos x dx

3. Isinz x(1—sin2 X) cos x dx
1 1 1

=—jdu——j20052u du +—j(1+ cos4u)du
24 24 48

4, cosmxcosnx=%[cos(m+n)x+cos(m—n)x] :ij'du—ij2c052udu+ij4cos4udu

Problem Set 7.3 :—(Gx)—i5|n12x+ism24x+c
48 24 192

1-cos2x

1. jsm xdx = j—dX :Ex—isin12x+isin24x+c
8 24 192

:Ejdx—EICOSZde

=1x—lsin2x+c
2 4
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3. [sin®xdx = [sinx(1-cos? X)dx 5. j(;"zcosf’ 0d0 = j(;"z(l—sin2 0)2 cos6do

= [sin xdx — [ sin xcos? x dx /
I I =J‘(;E 2(1—25in29+sin4 d)cosfdo

1. .3
=-C0SX+=c0s” Xx+C 2 1 nl2
3 :{sinﬁ——sin30+—sin59}
3 5 0
4. [cos® xdx =
J. :[1_24_1)_ :E
=Ic05x(1—sin2x)dx 35 15

=jcosxdx—jcosxsin2 xdx

3

=sin x—%sin x+C

3
12 . 12(1-
6. jn sm6¢9d¢9:j7E (Mj do
0 0 2
1en/2 2 3
25.[0 (1-3co0s26 +3cos” 20 —cos” 26)dd
/2 12 12 12
=1j“ de—ij“ 2coszed9+§j“ coszze—lj“ cos® 20d6
80 1670 g0 gJlo

1 /2 3. /2 3 n/2(1+00549) 1,n/2 .2
=Z[013'c ——[sin20]5' < += ————|dg-= 1—sin“ 26)cos26dé
(015" - £ lsin 2015 + 2 | slo ¢ )

8 2 0
/2 /2 /2 /2 .
—1-E+ijn d¢9+i.[7T 4cos4¢9d¢9—iJ‘7T 2c052¢9d¢9+iJ‘7t sin 20-2c0s20d6
8 2 16°0 6470 16-0 16-0
Tt 3t 3 . 2 1. 2 1 _ .3 /2 57
=— 4+ =+ [sind0]}'  ——[sin20]}' < + —[sin° 20}’ < ==
16 32 e A0l ~glein2dlo T+l b =3

7. Isin5 4xcos? 4xdx = I(l— cos® 4x)2 cos? 4xsin4xdx = I(l— 2cos? 4x + cos” 4x) cos? 4xsin 4x dx

= —%J'(cos2 4x - 2cos” 4x + cos® 4x)(-4sin4x)dx = —%cos3 4x+%cos5 4x—icos7 4x+C

8. I(sin3 2t)v/cos2tdt = J(l— cos? 2t)(cos 2t)1/2 sin2tdt = —%J.[(cos 2t)1/2 —(cos 2t)5/2](—25in 2t)dt

= —%(cos 2t)3/2 +%(cos 2t)7/2 +C

9. jcos3 30sin™230d6 = j(l-sin2 30)sin™?30¢c0s30d6 = %j(sin_z 30 -1)3c0s30d6

= —ECSC36’—ESin 30+C
3 3

10. _[sinll2 2zcos® 2zdz = ‘[(1—sin22z)sin1/2 2zc0s2zdz

= %j(sinll2 2z -sin%’? 27)2c0s2zdz = %sinw2 22 —%sin”2 22+C
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.4 4 1-cos6t 2 (1+cos6t )2 1 2 4
11. _[sm 3tcos 3tdt:j dt :—j(l—Zcos 6t + cos™ 6t)dt
2 2 16

= 2 [ 2- @+ cost2t) + 1+ cos12)® [dt =~ [ cosL2tdt +— [ 1+ 2c0s12t-+ cos? 12t)ct
16 2 16 64

= —i'[lZ cos12tdt +ijdt +i_[12 cos12tdt +i_[(l+ €0s 24t)dt
192 64 384 128

:—isin12t+it+isin12t+it+isin24t+c :it—isin12t+isin24t+c
192 64 384 128 3072 128 384 3072

140520 \° [1—cos 260
2 2

12. jcosG Osin>0do = J'( jd@ =%j(1+200329—20033 26 —cos” 26)d6

:i'[d¢9+ij2c052¢9d¢9—EJ‘(l—sin2 29)c0529d9—ij(1+ cos49)2d9
16 16 8 64

1 d9+ijzcoszede—ljzcoszedmljzsinz29coszad¢9-ij(1+2cos49+c0524e)d<9
16 16 16 16 64
1 1.9 1 1 1

——jd9+—jsm 29-2cos29d9-—jde——j4cos4ed0——j(1+coss49)d9
6 16 64 128 128

= Lo teind2o-Lto-Lsingo- L o- L sinsosc

16 48 64 128 128 1024
9+—S|n 26—i5|n40 iS|n86? +C

12 48 128 1024

13. jsm4ycosSydy=—j sin9y +sin(-y)]d :—j (sin9y —sin y)dy

1/ 1 1 1
=—| —=cos9y+cosy |[+C ==cosy——cos9y+C
2( 9 y yj 2 y 18 y

1 1 . 1. 1 . 1.
14, |cosycosdydy == |[cos5y+cos(—3y)]dy =—sin5y—=sin(-3y)+C =—sinby+=sin3y+C
[ cos ycosaydy = - [[cos5y + cos(-3y)Jdy == sin5y—sin(-3y)+C = sin5y+Zsin3y

15. Ism (zjcos ( )dw j(l COSW] (1+czoswjdw =%I(1—COSW—COSZW+COSSW)dW

:1'[ 1—cosw——(1+c052w)+(1—sin2 w) cosw |dw :EJ. l—lc052w—sin2wcosw dw
8 2 8712 2

3

:iw—isin 2W—isin w+C
24

16 32
16. jsin 3tsint dt = j—%[cosm —cos 2t]dt
1
= _E(ICOS 4tdt —.[cos 2tdt)
= —l(lsin 4t —lsin 2tj+C
2\ 4 2

= —lsin 4t +15in 2t+C
8 4
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17. J'xcos2 xsin xdx 19. _[tan“ X dx = J‘(tan2 x)(tan2 x) dx

u=x du=ldx =j(tan2 x)(sec2 x—1) dx
dv = cos? xsin x dx ) ) )
= |[tan“ xsec” x —tan“ x| dx
v=—j(cosx)2(—sin x)dx=—lcos3x J( )
t=C0s X 3 = J'tan2 xsec? x dx—J‘(seC2 X —1)dx
Thus 1
jxcoszxsinxdx: =§tan3x—tanx+x+C
1 3 1 3
X(—=co0s” xX) — | ((—=cos” x)dx =
3 j 3 20. J'cot4 X dx = J‘(cot2 x)(cot2 x) dx
1_—xcos?’ x+J‘cos3 xdx] = _ 2 2
3L _J' cot” xJ(csc” x—1) dx
1ir .
3 —xcos® X+J.COSX(1—SII'12 X) dx} = = .[(cotz xcsc? X — cot? x)dx
r _ 2 2 _ 2,
% —xcossx+j(cosx—cosxsin2 X) dx}= _JCOt xesct x d I(CSC x=T)dx
osi
1: 1 S :—%cot3x+cotx+x+c
3 —xcos® x+sin x—gsin3 x}C

21. tan®x= j(tan x)(tan2 x)dx

18. [ xsin® xcos x dx
{:x 1 =j(tan x)(seczx—l)dx

dv =sin® xcos x dx =%tan2x+ln|cosx|+c
V= j(sin x)3(cos X)dx = 1sin4 X

t=sinx 4 22 [eot® 2tdt = (cot2t)(cot? 2t)
Thus
[ xsin® xcos xdx = :J‘(cotZt)(csc2 2t—1)dt

= Icot 2t csc? 2t dt — .[ cot 2t dt

1

x(%sin4 X) —j(l)(%sin"’ x) dx =
=——cot? 2t—lln|sin 2t]+C
4 2

%[xsin"’ x— [ (sin? x)? dx} -

1l .4 1 2 ol
—[xsm X—Zj(l—c052x) dx}_

SN

xsin® x —%J(l— 2C0S 2X + €052 2X) dx} =

xsin® x—1x+£sin 2x—lj(1+cos4x) dx | =
4 4 8

4

Xsin x—§x+lsin2x—isin4x +C
8 4 32

e L L
T T
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23. J‘tan5 [g]dﬁ
u= (g] du =d79
jtan5 (gjde = ZJ‘tan5 u du
= ZI(tan3 u)(sec2 u —1)du
= 2J‘tan3 usec?u du —2J.tan3 u du
= 2J.tan3 usec? u du— than u (se02 u —1)du

= 2J‘tan3usec2 u du—thanuseczu du+2_[tanu du

= 1tan4 (gj—tan2 [gj— 2In
2 2 2
24, j cot® 2t dt

u=2t;du = 2dt

+C

0
Cos—
2

Jcot5 2t dt :ljcot5u du
2
:%j(cot?’u)(cot2 )du (cot3 )(cscz—l)du
:1.[(cot3 )(csczu)du——jcotSU du
:—j(cot u)(csczu)du——j cotu (csc u- 1) du
:—j(cot u)(csc ) U_EI cotu (csc u) du+EJ'cotu
=—lcot u+1cot u+lln|sinu|+C

8 4 2

= —lcot4 2t +£C0t2 2t +1In|sin 2t|+C
8 4 2

25. J‘tan‘3 xsec? xdx = J‘(tan‘3 x)(sec2 x)(se02 x)dx

= J‘(tan‘3 x)(1+tan2 x)(sec2 x)dx

= J‘tan‘3 xsec? x dx + f(tan x)_l sec? x dx

= —%tan‘2 X+ In |tan x| +C

26. jtan‘3’2 xsec? x dx = J.(tan_sl2 x)(se02 x)(se02 x)

= J'(taln‘:”2 x)(1+tan2 x)(sec2 x)dx

1/2

= J.'[an‘s/2 xsec? x dx+jtan xsec? x dx

_ 2
= 2tan Y2 x+Ztan¥2 x4 C
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27. .ftan3 xsec? x dx

Let u=tanx. Then du =sec? xdx .

jtan3 xsec? x dx :j udu =%u4 +C =%tan4 x+C

28. jtan3 xsec /2 x dx = '[tanz xsec—/? x(sec x tan x)dx
= J.(sec2 X —1)(sec’?’/2 x)(sec xtan x) dx
= J.sec“2 X(secxtan x)dx — .[sec’3/2 X (sec x tan x) dx

3/2

2 _
=§sec X+ 25ec 1/2

Xx+C

sin[(m+ n)x]+

29. In cosmxcosnxdx=lj‘7C (cos[(m+ n)x]+ cos[(m—n)x])dx =1 !
- 27-n 2. m+n

sin[(m—n)x]TE

=0form = n,since sin kz =0 for all integers k.

30. Ifweletu= ”—thhen du= %dx. Making the substitution and changing the limits as necessary, we get

L
j coswcosm dx =£.[” cosmucosnu du=0 (See Problem 29
-L L L T

T . 2 _ T 2 . .2 _ T 2 T . E T _
31. .[o (X +Ssin x) dx_n_[o (X© +2xsin x+sin“ x) dx _nj'ox dx+2nJ'0 xsmxdx+2.[0 (1—cos2x)dx

T '
:ans} +2n[sinx—xcosx]g+£[x—£sin2x} =1n4+2n(0+n—0)+£(n—0—0):1n4+§n2:57.l437
3" 21 2 o 3 2 37 2

Use Formula 40 with u = x for J'xsin xdx

NETF

32. V=2nj0“ xsin?(x?)dx

u=x2, du = 2x dx

/2 . /21— R
Vznjn 5|n2udu=ch'ﬂ Mduwr lu—lsm2u =n—z2.4674

0 0 2 2 4 0 4

-T

1¢n . Ten (S . 1Y :
33. a. ;J‘_nf(x)sm(mx)dx=;J‘ {nzlansm(nx)}m(mx)dx=;nzlanj_nsm(nx)sm(mx)dx

From Example 6,

Oifn=m
In sin(nx) sin(mx)dx ={ it so every term in the sum is 0 except for when n = m.
- nifn=m

If m > N, there is no term where n = m, while if m < N, then n = m occurs. Whenn=m

anJ'_nnsin(nx)sin(mx) dx=a,m® sowhenm < N,

lj‘n f(x)sin(mx)dx:i-am “T=8py -
me T Y
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b. lj‘n f2(x)dx = ljﬂ [Zan sm(nx)j[z an sm(mx)]dx = Zan z amj sin(nx)sin(mx) dx
e L n=l m=1
From Example 6, the integral is 0 except when m = n. When m = n, we obtain

1N N
=>ap(am =Y ay.
nn:l n=1

34. a. Proof by induction
X X
n=1: COS§= coS—

Assume true fork < n.

X X X
COS—COS—---COS— - COS
2 4

1 3 2" -1 1 X
: 2n+1 COS— X+ COS— X + -+ COS X cos
2

on on on 2n—l 2n+l
Note that

k 1 1 2k +1 2k -1
COS—X || COS X |=—| COS X+C0S———X |, SO
2n 2n+1 2 2n+1 2n+1

1 3 n_1 1 1 1 3 o1 |1
COS— X+ COS— X +---+ COS X || COS X =|CO0S———X+COS——X+---+COS————X |—
on on on 2n+1 2n—l on+ +1 on+ +1 2n+1 on

. 1 3 "1 |1 1, 1 3 2"-1 | x
b. lim|cos—x+c0s—X+---+C0S X == lim | c0OS— X+ C0S— X +--+ COS X
N—o0 2n 2“ 2n 2n—1 X N—o0 2n 2n 2“ 2n—l

:Ej'xcostdt
X0

in x
c. —j costdt_—[smt]o_S

35. Using the half-angle identity cos% = 1+(;_OS X, we see that since
3_\2
COS— =C0S= =—
2 2

T 1+ 212 [
cos- = cos 2 = 2 _N2+ 2+ﬁ, etc.
16 8 2 2
s s s
Thus, ﬁ 2+\/§~ 2+ 2+\/§ =cos| 2 |cos| £ |cos| 2 |-
2 2 2 2 4 8
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36. Since (k —sinx)? = (sinx—k)?, the volume of S is j(;‘n(k—sin x)? =7zj(;‘(k2—2ksin x+sin x) dx

T
:nkzjgdx—anjgsin xdx+gj'g(1—0052x)dx:nk2[ ] +2|(TC[COSX]0 [x—%stxL

2
:nzkz+2kn(—1—1)+g(7t—0)=7t2k2—4kn+%
2,2 n? 2 2
Let (k) =n’k? ~akn+ -, then 1'(k)=2n%k~4n and f'(K)=0 when k==
T

The critical points of f(kyon 0 < k < 1 are 0, 3 1.
I

2 2 2
f(0)="~4.93 f 3):4—8+”—zo.93, f()=n?—dn+’~224
2 n 2 2

a. S has minimum volume when k = E
T
b. S has maximum volume when k =0.
7.4 Concepts Review 4. u=~/x+4,u =x+4, 2udu=dx
1. /x-3 jx2+3xdx—j(”2‘4)2+3(”2‘4)2udu
2. 2sint VXx+4 u
3. 2tant _2j(u4 —5u? +4)du —5 ud - 0u3+8u+C
4. 2sect ) 10
:—(x+4)5/2——(x+4)3/2+8(x+4)1/2+C
Problem Set 7.4 5 3
1. u=+x+1,u® =x+1 2udu = dx 5. u=+/t,u®=t, 2udu=dt
J‘X /—x+1dx:j(u2—1)u(2udu) ,[2 dt IJ—Zudu J-«/—u+e € 4
) ) t+e u+e u+e
= [(2u* -2u®)du =2u®-Zud+C
I(u u“)du 5u 3u+ —ZJd—ZI du
2 5/2 2 3/2 u+e
=—(x+D)"° -—(x+D)7"“+C 2
5( ) 3( ) :2[u]1/§—2e[ln|u+e|}1
2. u=¥x+m,u = x+m,30%du = dx :2(\/5—1)—2e[ln(\;/:+e)—In(1+e)]
Ix\3/x+ndx:f(u3—n)u(3u2du) —2\2-2- 2e|n[ 1 +ej
+e
=j(3u6—3nu3)du :§u7—3—nu4+c
3 3 ! 4 6. —\/f u? =t, 2udu=dt
:—(x+n)7/3——n(x+n)4/3+c
7 4 _j (2u du)
°t+1 u?+1
3. u=~3t+4,u? =3t+4, 2udu=23dt _21 1uz+1—1du
2
tdt 3(U2 4)2udu ( »a U +1 0 u-+1
= —|(u“-4)du
IJst+4 I u 9j _2j du du = 2[uls - 2[tan L ugh
:£u3—§u+c A
27 9 =2-2tan 1=2—Ez0.4292
~ 2 a2 8z
27 9
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10.

11.
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u :(3t+2)1/2,u2 =3t+2,2udu =3dt
[t1@t+2)¥2dt :j%(u2 -2)u3[3u duj

=Ej(u6 - 2u*)du :£u7 —iu5 +C
9 63 45

:3(3t+2)7’2 —i(3t+2)5’2 +C
63 45

u=(©>1- x)1/3, ud =1-x, 3u?du = —dx
jx(l- x)2/3dx = j(l—u3)u2(—3u2)du
3 3
=3[ -uHdu=2u-2ud+C
[( Jdu=2u’ -2

3 8/3_3 5/3
=—(1-x ——(@-x +C
8( ) 5( )

x=2sint,dx=2cos tdt

j\/df;ix _JZCost

(2costdt)

= 2.[1_;#& = chsctdt - stintdt

= 2In|csct—c0tt|+2cost+C

[ .2
2In #+\/4—X2 +C

X =4sint, dx = 4costdt

x2dx J-sinztcostdt

I\/le— cost
=16jsm tdt =8J(1—0052t)dt
=8t-4sin2t+C =8t —-8sintcost+C

[ 2
=8$in_1[xj— XV16 — X

= +C
2

X =2tant,dx = 2sec? tdt

dx 2sec? t dt 1
j(xz L a)30? :j(4secz 1)3/2 _ZICOStdt
=lsint+C :;+C
4 X2 +4
Section 7.4

12.

13.

14.

15.

t = sec x, dt = sec x tan x dx

Note that 0 < x < g

Jt2 -1 =|tan x| = tan

5 dt
21212 1

@)
_ J‘Sjc

=[sinx]";

B Jsec_l(s) sec X tan x

sec (3)

> dx
n/3  sec? xtan x

cos x dx

sin[sec‘l(S)] —sing

=sin {cos‘1 (%ﬂ —ﬁ 242 —£ ~0.0768

2 3

t = sec x, dt = sec x tan x dx

Note that g< X<

Jt2 -1 =|tan x| = —tan x

2
-3 _
j -1 dt =
2 t3

_ J-sec‘l(—S)
“Jonia

sec x tan x dx

jsec‘l (-3)—tanx

2n/3 SEC3 X

sec™ ( 3)

—sinzxdx—j ( cost—ijdx
2n/3 2 2

1 1 sec‘l(—S)
= {—sin 2X ——x}
4

= Fsin xcosx——x}
2

V21

2n/3
sec! (-3)

2n/3

V3o

- ____sec—l(_g) tg 3" 0.151252
2 3

t =sin x, dt = cos x dx

t
j\/l—tz
=—J1-t?> +C

dt:jsinxdx =—cosx+C

z=sint, dz =costdt

dz =

IZZ_3

V1- 22

=-2cost-3t
=-2\1-7?

j(zsint ~3)dt

+C

_3sinlz+C
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16. x= r tant, dx = msec? tdt
J- X -1

\/X +TE

= nzjtantsect dt —J'sect dt

dx:J.(n2 tant —1)sectdt

= n?sect—In |sect + tant| +C

19.

x2+2x+5:x2+2x+1+4:(x+1)2+4
u:x+1 du = dx
3u-3

I\/X +2X+5 & _I\/UT
=3jﬁdu—3jm

Y P S N R R (Use the result of Problem 17.)
T T =3\/u2+4—3ln \/u2+4+u +C
J‘ nx—1
Vx? :3\/x2+2x+5—3ln Jx2+2x+5+x+4+c
T
2 2

| J2 2 X“+m° X
=| VX"t '”—n A= 20. X2 +4x+5=x> +4x+4+1=(x+2)° +1

0 U=x+2,du=dx
=[V2r? -In(v2 +1)] - [* - In1] i 2x-1 = -5
=(2-)r® -In(v2+1) ~ 3.207 VX2 +4x+5 u? +1

J-2udu J- du
2 2 _ 2 -
17. x“+2x+5=x+2x+1+4=(x+1)" +4 \/u +1 \/u2+1

u=x+1,du=dx

dx :J- du
\/x2+2x+5 \/u2+4

u=2tant, du= 2sec? t dt

J‘ du
\/u2+4

2

=J.sectdt =In|sect +tant|+C

21.

(Use the result of Problem 18.)
—2Ju? +1-5Iu? +1+ul+C

=2\/x2+4x+5—5ln \/x2+4x+5+x+2

5—4x—X? =9—(4+4x+x2)=9—(x+2)2
u=x+2,du=dx

=In u +4+£+C
2 2 1 j 5—4x—x2dx=j 9-u?du
[ 2—5 1| u=3sint, du=3costdt
X +2X+5+ X+
=l 2 ‘+Cl [Vo-u? du =9J'cosztdt=%_[(1+coszt)dt
=In \/x2+2x+5+x+4+c :§(t+%sin2tj+c =%(t+sintcost)+c

18. x2+4x+5:x2+4x+4+1:(x+2)2+1
u=x+2,du=dx
dx ¢ Qu

_J\/uz +1

2

:gsin‘l XLZ +X+2 5_4x-x% +C
2 3 2

:gsin‘l(%j+%m/9—u2 +C

+C

2
\/x +4x+5
2 22. 16+6X—X? = 25— (9—6X+x°) = 25— (x - 3)°
u=tant, du =sec” tdt :
u=x-3,du=dx

j\/dzL=_[sectdt=|n|sect+tant|+C dx _J- du

uc+1 -

o V16+6x—x2 ° 25-u2
—InWu?+1+u/+C u=53intdu=5005t
x2+4x+5

=In \/x2+4x+5+x+2 +C

I Ts - —Idt:t+C=sin‘1[%)+C

=sin~? (;3)+ C
5
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23. 4x—x2 =4—(4—4x+Xx%) =4—(x-2)? x+1=2tant, dx=2sec’tdt

u=x-2,du=dx nl4 1 5
_[ dx :J, du =njtan_l(1/2)(—4sech 2sec” tdt
:/4x_—x2 _\/4— _mn/4 1 gt = & n/4 cos? t dt
u=2sint,du=2costdt . _gjtan‘l(1/2)sec2t _§Jtan‘1(1/2) ¥
-}
=sin""| = |+C 14
(2) :fjn o [1+10052tjdt
g8Jtan™"(1/2)\ 2 2
L x=2 r 14
=sin""| — |+C §
( 2 j . l'[+lsin2t}
812 tan~1(1/2)
24, Ax—X2 = 4—(4—4x+X2) = 4—(x—2) a[1, 1. T"‘
: B =—| =t+=sintcost
u=x-2,du=dx 8 _2 2 tan~1(1/2)
X u+2
I dXZI du _Tc n 1 1, 4111
Vax—x2 N "8l 8 a)” Etan 25
Y

¢ —udu du 1 1
=] ou? 2 2 —16(E+Z—tan_12j 0.082811
(Use the result of Problem 23.)

=—\/4—u2+25in_1(%J+C 28. v =on['— 1  ydx

0 2

+2X+5
= —\ax-x? +25in‘1(x—_2j+c = ZnJ'l;dx
2 0(x+1)% +4
1 x+1 1 1
2 2 2 - 2T dx— -

25. X2 +2x+2=x%+2x+1+1= (x+1)2 +1 ZRIO(X+1)2+4dX ﬂfo(x+1)2+4dx
u=x+1,du=dx 1
(2 - [ AL :ZR{lln[(x+l)2+4]} —Zn[ tan~ (“lﬂ

2+2x+2 uc+1 2 0 2 2 0
2 d
= U du- 2u =n[ln8—In5]—n[tan‘11—tan‘1l}
uc+1 uc+1 2
2 -1
=Inju? +g-tantuC =n(lng—%+tan‘1%jzo.465751
=In(x2+2x+2)—tan‘1(x+1)+c
29. a. u:x2+9,du:2xdx
26. x2—6x+18:x2—6x+9+9:(x—3)2+9 deX du 1I
= —:—n|u|+C
u=x-3,du=dx x4+9 2 2
2x-1 2u+5
.[ X2 :I 2 du =—|n‘X2+9‘+C:1|n(x2+9)+C
-6x+18 u +9 2 2
2udu 5
U2 +9 Iu +9 b. x=3tant, dx = 3sec® tdt
xdx
=In(u2+9)+§tan‘1(5j+c j _jtantdt =-In|cost|+C
3 3 X2
_ 2 5, 1 x=3 3 3
=In{x-6x+18)+—tan""| — |+C =-In|——=[+C; =-In| —— |+,
3 3 [ 2 2
X +9 X +9
2 =1 ( 2 9)-| 3
1 n|vVx<+ n3+
27. Vznj.o(—z 1 ] dx “
X +2X+5
2 —In((x2+9)1/2)+C :lln(x2+9)+c
1 1 2
| ax
Ol (x+1)° +4
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30. u:x/9+x2 u? 9+x
J-3 X3dX _

0\/9+x 0\/9

3
:J‘sﬁ(uz—9)du :{U——QU
3 3

~ 5.272

31. a u:\/4—x2 u2=4—

2u du = 2x dx
xdx = J‘SJ— u udu
32
} -18-92
3

x2 2u du = -2x dx

s

Va4- x° udu
xdx = —I—

b. x=2sint,dx=2costdt

/ 2 2
j 4-X dx:ZJ‘CO.S tdt
X sint
(@-sin t)
_2-[ sint

:chsctdt—stintdt

= 2In|csct —cott|+2cost +C

2
_on[ 2o VAXT L asy2 s
X X
_ 2
:2Inﬂ+\/4—x2 +C
X

To reconcile the answers, note that

|\/4 X +2|

e

‘\/4 X —2‘

‘J4 X2 +2)|

(\/4—x —2) |

Wa—x2 + 24— ~2)|
(2—#4—xzf|:

le—va-2y|

4-x2-4 |
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32.

33.

The equation of the circle with center (—a, 0) is

(x+a)2+y2 =b?, so y:i«lbz—(x+a)2 . By

symmetry, the area of the overlap is four times
the area of the region bounded by x =0,y =0,

and y = b% — (x+a)2dx .
A:4ﬁkam2—u+afdx

Xx+a=bsint, dx=bcostdt
/2

— 2 2
A=4 sin"l(a /b)b cos“ tdt

/2
.[ L /b)(1+0032t)dt
2- 1 /2

=2b°|t+=sin2t
L sin~X(a/b)

= 2b2[t +sintcost]™ 2
[t+ ] nL(a/b)

[ 2 2
w2 5[@__% J

b b

=h? - 2b25|n‘1[bj 2a\/b2—a2

a. The coordinate of C is (0, —a). The lower arc
of the lune lies on the circle given by the

equation x? +(y+a)? =2a® or

y= +y2a% —x? —a. The upper arc of the

lune lies on the circle given by the equation
x2+y?=a or y=+va? -x°.

a 2 2
A= J a? —x?dx - Ia( 2a“ - x —a)dx

:.[_a a? —xzdx—.f_a V2a2 - x%dx +2a®

Note thatj a? —x2dx is the area of a

semicircle with radius a, so

AN
For jfa\/ 2a% — x2dx, let

x:fasint dx = +/2acost dt

j \?2a x2dx = I 2a® cos? tdt
1 /4
—azf , (L+cos2t)dt = [t+—sin2t}
2 -n/4
2
_m o
2
2 2
A:E— E+a +2a%=a
2 2

Thus, the area of the lune is equal to the area
of the square.
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b. Without using calculus, consider the 7.5 Concepts Review
following labels on the figure.
y 1. proper

2. x—1+i
X+1

3. a=2;b=3;c=-1

a \Eﬂ

A B Cx+D
4. + 7t
C -1 (x-1)° x°+1
Area of the lune = Area of the semicircle of
radius a at O + Area (4ABC) — Area of the

sector ABC. Problem Set 7.5
1
Azzna2+a ——(—j(\/—) . 1 A B
1 1 Cox(x+1)  x x+1
=-na’+a’-=na’=a’ 1=A(x+1)+Bx
2 2 A—l B=-1

Note that since BC has length +/2a, the

dx _j dx — J'mdx

measure of angle OCB is -, so the measure X(X+1)
4 =In|x|-In|x+1+C

of angle ACB is g

, 2 __2 _A B

34, Using reasoning similar to Problem 33 b, the area is X2 +3x  X(x+3)  x  x+3

2=A(x+3) +Bx
—na += (2a)\/b2 [Zsm‘l a]bz 2( ) 9

A=— B=-——
3 3

:Ena2 +a\/b2 —a% —p%sint

dy _ Vai-x*

2¢1 2¢ B
j2+3x :EJQdX_EIF
dx

_" :—In|x|——ln|x+3|+C
3 3
X=asint, dx acostdt

35. y=

) ¢ 3 3 3 A N B
_j—acostacostdt_-ajcos dt C 21 (x+D(x=1) x+1 x-1
- 3=A(x-1)+B(x+1)
=— J' sin tdt:aJ.(sint—csct)dt A__3g_3
sint - 2’ _2
=a(-cost—In|csct—cott|)+C
( | ) jzs dx:—g —ld E —1dx
a2 _ x2 a a2 _ x2 X< =1 X+ X—
cost=——,¢csct=—, cott =— 3 3
a X X =—Eln|x+]j+Eln|x—]j+C
2 2 2
yoal YA oxT | la NaioxTll o
a X X
o Ja2 2
- a2 -x2—am@¥q ~X | ¢
X
Sincey =0when x = a,
0=0-aln1+C,s0C=0.
o Ja2 2
y=-— 2_X2_a|nu
X
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5X 5x 5 3x-13 ~ 3x-13 A B

4. 3 5= = 7. — = = +
2x° +6x° 2x°(x+3)  2x(x+3) x2+3x-10 (X+5)(x=2) x+5 x-2
A B 3x—13= A(X—2) + B(x+5)
"X x+3 A=4,B=-1
5 3x-13
2 = A(x+3)+Bx 4L ax- —dX
A IZ+3x 10 X+5 -2
A= B=—§ =4In|x+5/-In|x-2|+C
6
X+ X+ A B
LS5 o E _—
2x3 1+ 6x2 X+3 X“ =3nx+2n° (X=2m)(x-m) X-2m X-m
X+7 =A(X—7)+B(X-27)
:Eln|x|—gln|x+3|+C A=3 B=-2
Iz Xrm =I dx—J 2 dx
5. x-11 = x-11 - A + B —3nx+2m° X—2mn X—T
x2+3x—-4 (x+4)(x=1) x+4 x-1 =3In|x—2n|-2In|x-n|+C
X=11=A(x-1)+B(x +4)
A=3,B=-2 o _2x+2L _  2x+21 A B
sz -11 dx =3 dx—2 dx 2%x2 +9x-5 (2x=1)(x+5) 2x-1 x+5
+3x—4 X+4 2x +21=A(x +5) + B(2x-1)
=3In|x+4|-2In|x-1|+C A=4,B=-1
[BRESC= N S
6 X=7 _ x-7 __A I B 2x% +9x -5 2x-1 X+5
S x%-x-12 (x=4)(x+3) x-4 x+3 =2In|2x-1 - In|x+5/+C
X=7=A(x+3)+B(x-4)
3 10 2 _y_ 2 y_B)—3x—
A=-2B=" 10. 2x2 x—-20 _ 2(x +2x 6)-3x-8
! 7 X°+x-6 X“+X-6
deX:_E de_}_g de —2_ 3x+8
x2 —x-12 79 x-4 79%x+3 Z1%_6
3 3x+8  3x+8 A B

=——In|x—4|+£ln|x+3|+c - - +
7 7 x24x—6 (xX+3)(x-2) x+3 x-2
X+8=A(Xx-2)+B(x+3)
a-lp-1
5 5
12x2—x—20

X2 +X—6

dx

—Ide——J— x—— %de

=2x——|n|x+3|——|n|x—2|+C
5 5

17x-3  17x-3 A N B
2 +x—2 (Bx=2)(x+1) 3x-2 x+1
17x-3=A(x+1) + B(3x-2)
A=5B=4

J~ 127X—3 d _J‘ 5
3X“+x-2 3x-2

11.

dx+ [~ dx = 2In[3x-2]+ 4In[x+1+C
X+1 3
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5-x __5-x __A B
X2 —x(n+4)+4n  (X-m)(x-4) x-m x-4
5-x=A(X-4)+B(x- 7)
:5_R,B: 1
n—-4 4—1
,[2 S X dx=5_nI 1 ogxe—t I L ogx=2"" In|x Tc|
X“=X(n+4)+4n n—4° X-m 4-7 4 -

12.

2x° + X—4 2x% +x—4 A B C

=—+ +
x3—x2—2x X(X+D(x-2) x x+1 x-2
2x2+x—4:A(x+1)(x—2)+Bx(x—2)+Cx(x+1)
A=2,B=-1,C=1

13.

2x +X-4
o d —J' dx — Imdx+ —dx—2In|x|—|n|x+]4+|n|x—2|+C

i2x-3 A B C
2x-D(Bx+2)(x-3) 2x-1 3x+2 x-3
7x% +2x -3 = A(Bx+2)(x—3) + B(2x —1)(Xx - 3) + C(2x = 1)(3X + 2)
A-tpo_lc.8

35 7 5

7x% +2x-3 1, 1 1. 1 6, 1
j x:—J— x—— dx+
(2x—1)(3x+2)(x—3) 357 2x-1 3X+2 59 x-3

14.

=—In|2x ]4— In|3x+2| —In|x 3|+C

6x*+22x-23 _ 6x*+22x-23 _ A B C
@x-)(x>+x-6) (@x=-D(x+3)(x-2) 2x-1 x+3 x-2

15.

X2 + 22X — 23 = A(X+3)(X—2) + B(2x—-1)(x - 2) + C(2x —1)(x + 3)
A=2B=-1,C=3

2
j 6x” +22x~23 dxzj 2 dx—j 1 dx+_[ 3 dx =In|2x=1)-In|x+3/+3In|x-2|+C
(2X—l)(X2+X—6) 2x-1 X+3 X—2

16 —6x% +11x—6 _1[x3—6x2+1lx—6J_1[ X2 ~3x+2 J

ax3 —28x2 +56x—32 4| x3-7x2+14x-8) 4 X3 —7x% +14x -8

:1[“ (x-D(x-2) JZE(“LJ
4 x-D(x-2)(x-4)) 4 x—4

X2 —6x% +11x -6
=|=dx+-— x+—|n X—4/+C
j4x3 —28x°2 +56x—32 J j | |
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3 —
17. 2)(—=x—1+23x—2
X5 +X-2 X5 +X-2

3x-2  3x-2 A N B
ix—2 (X+2)(x-1) x+2 x-1
X-2=Ax-1)+B(x+2)

a8 g1
3 3

- —

X“+Xx-2

dx—J.(x 1) dx +— J— +% ﬁdx_Exz—x+—|n|x+2|+%|n|x—]4+C

3.2
19, XX g Mxe2d

X° +5%x+6 (x+3)(x+2)
14x+24 A . B
(x+3)(x+2) x+3 x+2
14x+24 = A(Xx+2) + B(x + 3)
A=18,B=-4

x3+x

dx _I(x 4)dx+.[—dx J'idx :%xz—4x+18|n|x+3|—4|n|x+2|+C

2 ,5%+6 X+2

x* +8x%+8 12x% +8
3 =X+
x> —4x X(x+2)(x-2)
12x% +8 A B C
=—+ +
X(X+2)(x-2) X Xx+2 x-=2
12x% +8= A(X+2)(x—2) + Bx(x—2) + Cx(x+2)
A=-2,B=7,C=7
J-x4+8x2+8
x5 — 4x

19.

dx —I xdx — ZJ dx+7j—dx+7 —dx —lx =2In|x+7In|x+2|+7In|x-2|+C
X— 2

6 3 2
20, XFECHE 3, 4k 6x+ 684 X 1
X~ —4x X~ —4x
272> +4 A B
a2
x“(x-4) X
272x% + 4= AX(X - 4) + B(X - 4) + Cx?

A__Z 51 c 1089

C
+_
4

dx = [ (x° +4x +16x+68)dx__J dx— j—d 1089 1

J-x6+4x3+4
4 X—4

3 4X2

1.4

=X +gx +8x2 +68x——|n|x| 1 1089

In|x 4|

X+1 A B
2 - + 2
(x-3)° Xx-3 (x-3)
X+1=A(Xx-3)+B
A=1,B=4

x+1 1 4 4
dx = dx + dx =In|x-3———+C

21.
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29 SX+7 _ 5x+7 _ A B

2 2 + 2
X“+4x+4  (x+2)° X+2 (x+2)
5x+7=A(x+2)+B

A=5B=-3

I 25X+7 J. 5 dx—j 3 dx—5ln|x+2|+i+C
+4x+4 X+2 (x+2)? X+2
3X+2 3X+2 A B C

23, - __A N
C+3x%+3x+1 (x+1)%  x+1 (x+1? (x+1)°3

3X+2= A(x+1)2 +B(x+1)+C
A=0,B=3C=-1

Ia 3X2+2 dx:j 3 de—I 1 3dx:— 3 + ! 2+C
X° +3x° +3x+1 (x+1) (x+1) X+1 2(x+1)

x® A B C D E F G

= + + + + + +
(x-2%@1-x° *x-2 (x-2)> 1-x @-x? @-x°® @-0* @-x°
A =128, B:—64 C=129,D=-72,E=30,F=-8,G=1

24,

128 64 129 72 30 8 1
I _.[ - 2T 3 2t 5 dx
(x- 2) @a- x) X— 2 (x- 2) 1—X 1-x) @-x (@-x @-x)
=128In|x - 2|+——129In|1 x|+ L 8 7 L 7
2 1-x (1 x)? 3(l—x) 4(1-X)
g 3 -2x+32 HP-21x+32 A B C
C 3 o8x2416x X(x — 4)? X X-4 (x-4)?
3x° —21x+32:A(x—4) + Bx(x—4)+Cx
A=2,B=1,C=-1
ISX3 —21x+32 x:jgdx+J‘ ! dx—j ! 2dx=2|n|x|+|n|x—4|+L+C
—8x% +16 X x—4 (x—4) X—4
X2 +19x+10 x?+19x+10 A B C D
26. 2 =3 =+t
2x" +5x X°(2x+5) X x° x° 2X+5
A——1 B=3,C=2,D=2
IX +19x+10,4 _J ——+ 2.2 dx:—ln|x|—§—i+ln|2x+5|+c
2x* +5x° x3  2X+5 X x2
97 2x2 £ x— 8 2x2 4 x— 8 A Bx+C
C X3 44x x(x +4) X X2 +4
=-2,B=4,C=1
J‘ZX + X—= 8 :—2‘[ dx J‘4X+1 =—2J£dX+2J 22X dX+I 21
X3 + 4x X +4 X X +4
=—2In|x|+2|n‘x2+4‘+—tan‘1(—j+c
2 2
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28, 3X+2 _ 3X+2 :A+ Bx+C

x(x+2)2 +16x x(x2 +4x+20) X X2 +4x+20
:ii :_1 IC:E
10 10 5
j 3X-;2 j dx + J‘ 2 i 1dX+14‘[ j 22X-|—4
x(x+2) +16x +4x+20 107 x (x+2) +16 +4x+20

X+2

In|x|+—tan (
4

——In‘x2 +4x+20‘+C
10 20

2_ —
29, 2X°—-3x-36 _ A Bx+C

2 T2
@x-1(x“+9) 2x-1 x°+9
A=-4,B=3,C=0

2
jzx—gxz%dx=—4j ! dx+j 3 dx:—2ln|2x—ﬂ+gln‘x2+9‘+c
(2x-1)(x“ +9) 2x-1 2
30. 41 = L 5
XT=16 (X—2)(x+2)(x“ +4)
A B Cx+D
= + +
X=2 X+2 X2+4
AZL,B:_A,CZO,D:A
32 32
I— x=iJ‘L x—— — ——'[ :—In|x 2- In|x+2|——tan (5j+c
x4 _16 329 x-2 X+2 NG 16 2
31 21 2:A+ BZ+C+D2
(x-D°(x+4)° x-1 (x-1D° X+4 (x+4)
a2 gl 2 1
125 25 125 25
I; x:—iji x+ij# x+iji x+ij#
(X =12 (x+4)? 1257 x-1 257 (x —1)? 1257 x+4 257 (x +4)2
SN IPAVE SR WO S
125 25(x—-1) 125 25(x +4)
3 a2 22 _
3 X 2x 1 14 X +27x 16
(x+3)(x“ —4x+5) (x+3)(x“ —4x+5)
7x+7x-16 _ A Bx+C
(x+3)(x? —4x+5) X+3 x?_4x+5
po B0 g o 14
13 13 13
J- x> —8x% -1 I ( j+—i‘§x+}§ dx
(x+3)(x2—4x+5) x+3) %% _4x+5
68 2x—4
=[dx— - -
‘[ X+3 J.(x 2)? +1 I G 4x+5
—x——In|x+3|——tan‘l( X—2)— 6 ‘x2—4x+5‘+C
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33. x=sint, dx=costdt
£ 3. g2 3 aqy2
.[ (sin®t—8sin“t—1)cost dt:I X®—8x° -1

dx
(sint+3)(sin® t —4sint +5) (x+3)(x? — 4x +5)

_x——In|x+3|——tan‘l( X—2)— 1In‘x2—4x+5‘+c

which is the result of Problem 32.

I (sin3t—8sin2t—1)cost
(sint+3)(sin®t — 4sint +5)

dt =sint—5—0In|sint+3|—gtan‘l(sint—2)—£In‘sin2t—4sint+5 +C
13 13 26

34. x=sint, dx =costdt

I iOSt :j T x= |x 2|——In|x+2|——tan [1)+C
sin“t-16 x* 16 2
which is the result of Problem 30
J.ZO—Std :—In|smt 2|——In|smt+2| tan (Slnt)+c
sin“t-16 2
x3—4x AX+B Cx+D
® ST Lt o
(X +1) X“+1 (X +1)
A=1B=0,C=-5D=0
3_
.[Xz 4X2dX=I 2X dX_SI 2X 7 O __I‘ 4 25
(X +1) X< +1 (x=+1) 2(x“+1)
36. x=cost, dx =-sin tdt
j (sint)(4coszt—1) dt——j 4x% -1 dx
(cost)(1+2cos? t +cos* t) X(L+2x2 +x*)
4x2-1 4xP-1 _A, Bx+C  Dx+E
x(1+2x2+x4) x(x2 +1)2 X X241 (x2 +1)2
A=-1,B=1,C=0,D=5E=0
—j 1 Lz dx=|n|x|—lln‘x2+l‘ —+C In|cost|—lln‘coszt+l‘+++c
X X241 (X2 +1) 2 2(x% +1) 2 2(cos“ t+1)
- 2x° +5x° +16x _ x(2x” +5x+16) 2x2+5x+16_Ax+B+ Cx+D
x5 48x3 +16x x(x +8x2 +16) (x2+4)2 X2 +4 (x2+4)2
A=0,B=2,C=5D=8
3 2
2); +5x3 +16xdx=J- 22 dx J- 52x+8 _[ , dx+j +I 28 de
+8x° +16x X +4 (x +4) +4 (x +4) (x=+4)
To integrate j—dx, letx = 2 tan 6, dx = 2sec’ 0dé.
(x +4)
j jlesec4€d6 :jcoszﬁdH:J.ELrlcosZé’jda
(x +4) 16sec” 6 2 2
:19+lsin249+c:19+lsinecos€+c :ltan‘llJr X +C
2 4 2 2 2 X2+4
3 2 _
—2)(5 +5X3 +16de:tan‘1x —5 Et an~ 5+—2X +C:§tan_15+—2x2 > +C
x> +8x° +16x 2 2x*+4) 2 2 x“+4 2 2 2(x°+4)
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x-17 x-17 A B

38, - __A
X2 +x-12 (x+4)(x=-3) x+4 x-3
A=3,B=-2
[P X 17 =, [———jdx_[Sln|x+4| 2In|x-3]° = (3In10-2In3) - (3In8-2In1)
4 2+X 12 X+4 x-3 4

=3In10-2In3-3In8 ~ -1.53
39. u=sin 8, du=-cos 8d@

nl4 cosd V2 1 V2 1
I e 2 viee 2 2d€_J 2vii2 2du=J' 7 2
0 (1-sin®0)(sin® O +1) 0 (@-u®)u“+1) 0 (@-u)@+u)(u®+1)
1 A B Cu+D Eu+F
T 2vi2.n2 1-u 1 Y
(1-u)(u“+1 u +U u?+1 (u°+1
A=ZB=2.C=0D=F E=0F -
8 8 2
V2 1 q 12 1 1/[ 1 1 (142 1 1c042 1 q
Js 22 “—gf 1 _I I +§jo 7 2
1-u)(u“+1) u? +1 U+
1/4/2 1/+2
1 1 u V2 1, |1+u| 1 u
——In|1 u|+ —In|1+u|+ tantu+=| tantu+ > =|=In|—/—|+=tan"! Ut ———
4 u®+1/4, 8 [1-uf 2 4(u” +1) Jg
1, V2+1 1. 41
==In +—tan —+—
8 |\V2-1 2 2 62
(To integrate J'—du, letu=tant.)
(u +1)
40 3x+13 3x+13 A B
"% 4i4x+3 (X+3)(x+1)  x+3 x+1
A=-2,B=5
5 3x+13 5
[f————dx=[-2In|x+3+5In|x+1] =-2In8+5In6+2In4-5In2 =5In3-2In2 ~ 4.11
1,2 1
X +4x+3

41. %:y(l—y) so that

jy(l y)dy [1dt=t+c

a. Using partial fractions:
1 :A+ B :A(l—y)+By:>
yad-y) y 1-y  yd-y)

1 1.1
yl-y) y 1l-y
1

Thus: t+Clz.|.[—+1iny: In y—In(l—y):In(liJ so that
y 1=y

A+(B-A)y=1+0y=A=1 B-A=0= A=1B=1=

t
Y _oHC et

or y(t)=-——
1-y (C=e%) el
. 1 et
Since y(0)=0.5,05=+— or C=1;thus y(t)=—~
=41 1+et
c
o3
b. y@)= 3 ~ 0.953
l+e
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d so that

1
42, 2L =" vy(12- that
dt 10 ydz-y) sotha Y _ g241+8000C; _ o241
J‘ _ J~ i {4 C 8000y (C=e8000C1 )
y(12 R ST T ) _ 800024
y( ) - £+e2'4t
a. Using partial fractions: C
1 _A, B _AQ2-y)+By | Since y(0) =1000,1000 = 0 o ¢ =1
yd2-y) y 12-y  y(2-y) ! 7
12A+(B-A)y=1+0y =12A=1, B—A=0 8000624
1 1 thus y(t) =——
=>A=— B=— 7+e2.4t
12 12
1 1 1 7.2
= 80009
yl2-y) 12y 12(12-y) y@B)=——=5-~79584
Thus: it+C1:J.[i+;de= q
10 12y 12(12-y) 44, d—i’ — 0.001y(4000—y) so that
Liny-ma2- y)]:-ln[ y j s that 1
12 12—y j -~ dy= j 0.001dt = 0.001t +C;
y(4000-y)
Y _ a2t U gglat
12—y (C=e'?“1) a. Using partial fractions:
(t)= —1281& L _A + B
yi= 1, gl y(4000-y) y 4000-y
¢ . _ A(4000-y) + By
Since y(0) =2.0, 2.0 :—l or C=02; ~ y(4000-y)
—+
C = 4000A+(B-A)y =1+0y
1.2t
thus y(t) = 222 — 4000A=1 B—A=0
Srel2t oAl g1
. 4000 4000
12e
(3)_ =~1056 N 1 _ 11
y(4000—y) 4000| y (4000-y)
dy Thus:
43. =L =0.0003y(8000—y) so that 1 (1 1
dt 0001t +C; =——[| =+ dy =
1 40007y = (4000-y)
[—=————dy=[0.0003dt = 0.0003t +C, 1
y(8000-y) Zasg Iy ~In(4000-y)] = = in J
. . . 400 4000 | 4000y
a. Using partial fractions:
LA, B A®BO00-y)+By so that
y(8000-y) y 8000-y  y(8000-y) _4003 = #0000 gl
= 8000A+(B-A)y=1+0y -y (C=e 1y
= 8000A=1, B-A=0 y(O) = 4000e™
1 1 Liett
~8000 8000 ¢
1 1 [1 1 Since y(0) =100, 100 = @ or C= 1.
= ~4 | 39’
y(8000—y)  8000| y (8000 - y)
. 4t
Thus: . . . thus y(t) = 4000e4t
0.0003t +C; = —— [| =+ dy = 9+e
80007 { y (8000 -y) .
4000e
_ y b. y@)= ~3999.04
Iny—In(8000 -
[ y=Inl nl= 8000 (8000—yj 39+¢"
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45,

46.

47,

48.

dy
—~ =ky(L- so that
it y(L-y)

dy kdt=kt+C;
j y(L y) j
Using partial fractions:
1 :A+ B :A(L—y)+By:>
y(k=y) vy L=y  y(L-y)

LA+(B—A)y=1+0y= LA=1 B-A=0=

A=3,8:13;23F+L}
L L y(L-y) Ly L-y

Thus: kt+C; =%j[£+ Ll jdyz
y L-y

%[In y—In(L-y)]= %In(%} so that

KLt
YKL | ekt o) y(t) = Le
I_—y (C= eL 1) C+ekLt
L—
If yo=y(0)=5— L then LoLE2Y%0 oo our
L | C Y
KLt
final formulais y(t) :Le—.
[ﬂ] +ekLt
Y0
(Note: if yy <L, then u LY S gang
Yo

kLt

T <L thus y(t) <L forall t)
u+e

Since y'(0) = kyg (L - yg) is negative if yg > L,
the population would be decreasing at time
t=0. Further, since

lim y(t) = lim ;:L: L
t—o0 tﬁoo[ L-yo ]+1 0+1
kLt

yoe
(no matter how y, and L compare), and since
L-Yo
yoekLt
that the population would decrease toward a
limiting value of L.

is monotonic as t — « ,we conclude

If yg<L,then y'(0) =kyy(L—-Yyg)>0 and the
population is increasing initially.

The graph will be concave up for values of t that
make y"(t)>0. Now

" _y_i _ _
=" —dt[ky(L y)]=
k[-yy'+(L-y)y']=k[ky(L-y)][L-2y]
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49.

Thus if yg <L, then y(t) < L for all positive t

(see note at the end of problem 45 solution) and
so the graph will be concave up as long as
L-2y >0 ;thatis, as long as the population is

less than half the capacity.

Y _yas-
5 = lya6-y)

_dy
y(l6-y)

dy
jm_jkdt

i [1+ )dy kt+C
y 16-y

B(In|y|—ln|16— y|)=kt+C

In—Y | —16kt+C
16—y
Y _ celbkt
16—y
y(o):z l:C y 1 16kt
77 6oy 70
yG0y=a: LoLgsook oo 1T
377° 800 3

_ 16e(?%'"%) ~ 16
L P L)
16 .
y(90) = ~6.34 billion
1+ 7e_(% ngJe0
o 16

1+7e (%In%)t
76_(% In%)t _16_,
9

(510'”3) 1
9

—(%In%)tzln%

Ind 1
t=-50 ~129.66
InZ 7

3

The population will be 9 billion in 2055.
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dy 51. a. Separating variables, we obtain

50. a. =ky(10-vy)
! e
a-x)(b—x
L A
y(10-y) 1 __A B
(@a=-x)(b-x) a-x b-x
BN dy = [kdt
10°(y 10-y Aot g1
y a-b’ a-b
In =10kt+C
10—y‘ jL
(a—=x)(b—x)
Y _ celOkt 1 1 1
10-y = j(— + de:jkdt
1 y 1 a-b a-x b-x
y(0)=2: ==C;—2—="¢! InjJa—x/—Inlb—x
4 10-y 4 | | . | |: kt+C
a_
2 1 s00k 1.8
50)=4: —==¢ Jk=——In= _
Y0 =43=3 500 3 iblnyzkwc
a_ —
1 p8);
y =le(5o 3) A-X _  (a-b)kt
10-y 4 b—x e
1,8 1,8
4y:109(50 ns)t _ ye(50 nS)t Sincex=0whent=0, C =%,so
1 1p8):
10e(50 3) 10 a_X:(b_X)Ee(a—b)kt
TR T ’
4+e 1+4e a(l_e(a—b)kt ) _ X[l_ie(ab)kt)
b
b. y(90)=%z5.94 billion - a(l—e@ DKy ap(—e@-bkty
L (& m8)o0 =" @k ~ @bk
+4e 1-pe b—ae
¢ 9-— 10 b. Sinceb>aandk>0, e@PK 0 a5
—(L'”g)t t — o . Thus
1+4e \50 3 6(1) '
al
(L8 —
4e (o3 _10, o ®
9
(1,8 —2kt
cAnEh_ L ¢ xp-8—)
36 4 g 2Kt
_(i|n§jt: nl X(20) = 1, 50 4-2¢ 7% =g ge ™0k
50 3 36 6e 20k _ 4
In L 1.2
=— 36 | k=——In—=
t 50{ Ins] 182.68 203
3/ e 20 ()2
The population will be 9 billion in 2108, 2Kt _ ot/20In2/3 _ (In(2/3) :(_]
3
/1120
. 4(1-(3)
X - 7
t/20
2
2-(3)
3
2
4(1_ 5) j 38
x(60) = 3 =— ~1.65 grams
o
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d. If a =D, the differential equation is, after 53. Separating variables, we obtain

separating variables dy B
L— (A= Y)(B+Y)
(a=x) 1 _C N D
] dx ~ [kt (A-y)(B+Yy) A-y B+y
5=

(a—x) C 1 1

1 K4 C A+B’ A+B
a—X j dy _ 1 j 1 + 1 dy
1 Ca—x (A-y)(B+y) A+B'{A-y B+y
kt+C = [kt

1

x(t)=a- _ _

) 2 C In(A Z)++B|n(|3+y):kt+c
. 1
Sincex=0whent=0,C= =, so

! X W a ﬁl B+y =kt+C
x(t)=a- ! =a- a i A

B kt+% C o akt+1 Mzce(A+B)kt

A-y
1 akt

—all1- — ) (A _ (A+B)kt

a( akt+1j a(akt+1j B+y=(A-y)Ce

52. Separating variables, we obtain ACe(A+BKt _ g

dy YO =——m—
Ykt (A+B)kt
(y-m)(M ) 1+Ce
1 = A + B 54. u=sinx, du=cos x dx
(=M ) "y-m M-y e a1,
P B= 1 /6 sin x(sin® x +1)° %u(u2 +1)°
M‘dm M-m 1 A Bu+C Du+E
1 1 1 =
j( —m)(yM " oy —mj[ —m+M - jdy u(u2+1)2 u w41 (u2+1)2
Iy y y y A=1,B=-1,C=0,D=-1,E=0
= | kdt
—du
Inly—m|=In|M —y]| ks C I%u(u2 +1)2
M -m 11 u
1 y—-m =Ila J‘lu +1 1 a
| —kt+C 2 2(“ +D°
M-m M-y 1 1 1
y-m _ Mok ={Inu—gln(u2 +1)+—2( > 1)}
—= uc +
M-y 3
_ (M —-m)kt
y-m=(M-y)Ce —0-Lin 2+1—(|n1—1|n§+3j ~ 0.308
y(L+CeM=MK _ 1 MmceM-mkt 2 4 2.2 45
_m+ MCe(M-mkt B me~(M-mkt | \c
As t — w0, M-MK _y 0 since M >m.
Thus ye%:M ast — oo,
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7.6 Concepts Review 5. Trig identity cos? U = 1+ cgsZu and

1. substitution substitution.

2. 53 Icos 2xdx = J[Mj dx =

3. approximation

4. 0 lj 1+ 2c0s 4%+ cos2 4x |dx =
4 u=4x
du=4dx

Problem Set 7.6

1. 1+cos8x
Note: Throughout this section, the notation Fxxx X +Esm 4x+ I(—j dx =

refers to integration formula number xxx in the v_gx
back of the book. | dv=8dx
1. Integration by parts. 1 1. 1 1.
_5x —| X+=sin4x+—=x+—sin8x |+C =
u=x dv=e 41 2 2 16
du =1dx v=—£e‘5x i[24x+85in4x+sin8x]+C
5 64
—5xd __1 -5x _1 75xd .
IXE X=-gxe f 5¢ & 6. Substitution
4 .4
Sl Lsx o Ism XCcos X dx = J'u du=4c=" X, ¢
5 25 u=sinx 4 4
1 1 du=cos xdx
=——e_5X(x+—j+C
5 5 7. Partial fractions
1
2. Substitution I 2+6x+8 J.(x+4)(x+2) o
I X dx:ljldu:In|u|+C=In(x2+9)+C 1 A B
x2+9 27u = T =
U=x2+9 (X+4)(x+2) (x+4) (x+2)
du=2xdx A(x+2)+B(x+4) (A+B)x+(2A+4B)
4 2 4 2
3. Substitution (x+4)(x+2) (x+ )(IJF )1
In2 22 2 A+B=0, 2A+4B=1=>A=-=,B==
2 In2 ’ ’
) '”—de_ [udu=|% _(N2)7 62402 22
0 0 2 2 1 1¢2( 1 1
u= Inx j =3 — = |dx
du:%dx 1 X°+6X+8 21\ x+2 x+4
i i ==|In{x+2/-In{x+4
4. Partial fractions [ | | | Hl 2{ (x+4) l
[t —ax 1(. 4 3) 1.10
X° —5x+6 (x=3)(x-2) :-[In——ln—j:—ln—~00527
X A . B 2\ 6 5/ 2 9
(x=3)(x-2) (x-3) (x-2)
A(x-2)+B(x-3) (A+B)x+(-2A-3B)
(x=3)(x-2) (x-=3)(x-2)
A+B=1-2A-3B=0= A=3,B=-2
I > dx=j 3 2 -
X° —5X+6 (x=3) (x=2)
;3
3In|x-3/-2In|x-2/=1In (x 3)2 +C
(x-2)
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8. Partial fractions

1 1
ke s
1 _ A B _
Q0@+t @-1 @+
A(l+t)+B@Q-t) _ (A-B)t+(A+B) N
A-0@+1) A-0@+1)

A+B=1 A-B=0= A=l p=1
2" 2

e e
2[-nfi-tf+inf1+];2 =

1{
—|In
2

9. Substitution
Io X\/X-i)-( 2dx = J‘\/— (u —2)(u)2udu =

u

(@+1) }% ~0.5493
(1_t) 0

u2—x+2
2u du=dx
7
5 3
7
J.://—Z—Zu4 —4u?du :2{%—%:] =
V2

- [3u ~10u }i [77ﬁ +82 |~ 28.67

10. Substitution

4 1 NEI
Ist Nk _Ifj ud =2 a2 u=
u\/—u—2t 2

udu =d

2[Infu- 2|}( 2|n\/*f_ §~1.223

11. Use of symmetry; this is an odd function, so

%

I cos

N

12. Use of symmetry; substitution

2 xsinxdx =0

J'2”|sin2x|dx:8J‘% sin2x dx =
0 0 y=2x
du=2dx

7

4I%sinudu =4[-cosu] =4
0 0
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13. a.Formula 96

I X/3x+1dx =
F96
a=3,b=1

%(9x—2}(3x+1)% iC

b. Substitution; Formula 96

j \/3e + dx = ‘[U\/3U+ duF =

96
X du=eXdx a3 b1

i(9eX —2)(3eX +1)% e

135

14. a.Formula 96
jzt(3—4t)dt=2jt(3—4t)dt =
F96

a=—4,
b=3

2 3% B
2[%(—12t—6)(3—4t) 2}0_
1 FA
—B(2t+1)(3—4t) 2 +C

b.Substitution; Formula 96

J.cost\/S 4costsmtdt_—ju\/3 4qudu =

u=cost, du=-sintdt part a.

%
%(Zcost +1)(3—4cost)’2 +C

15. a. Substitution Formula 18

Ig 16x2 J9 u? Fi8

u=4x, du=4dx a=3

= —I u+3 +C:iln 4X+3+C
4 u-— 3 24 |4x-3

b.Substitution, Formula 18
X

e 1 du
| e #ilet
9-16e% 47 9_y? parta
u:4ex,du:4exdx
1. 46X +3
—In
24 |4¢* -3

+C

16. a. Substitution, Formula 18

Idx_-[dx_\/g.[du

5x2-11 11—f5x2 T 5991 y? Fis
u=+/5x, =
du—\/—dx a1
J—J—
5 22 \/—x J_
|Ix J_|
110 |\/_X+\/_|
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b. Substitution, Formula 18 19. a. Substitution Formula45

J- x dx __ﬁ du B J‘ J~
5x*-11  10°11-y? F1s \/5+3x \/ u? F“5
u=x@x2, a:\/ﬁ u= 3x
du—Z\/—xdx du=v/3dx
|IX _\/—| +C ﬁln V3x++/5+3x%[+C
220 |[X +J_| 3
17. a. Substitution, Formula 57 b. Substitution, Formula 45
V212 2 [—— j
9-2x°d 9—-u“du = / /
J‘Xu_\/ixx X= 4 j u u|:57 5+3X 2 F45
du=~/2 dx a=3 g—xg% ;
u= Xax
1 2 2) 81\/5 — \/EX
—| X(4x° -9)V9—-2x° |+——sin | —= [+C 3
16( ( ) 32 3 %ln N, 4lic
b. Substitution, Formula 57 20. a. Substitution; Formula 48
Ism xc0s x\/9 — 2sin? x dx = Zjuz 9-u? du J‘t 3+5t2dt \/_J' 23402 du =
u=~/2sinx J5t 25 F48
du=+2 cos x dx du «/—dt i
a=
= i(sinx(4sin2x—9)\/9—25in2xj J5
F_57 16 —t (1Ot2+3) \/3+5t2 -
a=3 \/g 8
812 V2sinx 25 te=
-]
+——sin""| ——— |+C dn[Bte3+512
32 3 8
1
18. a. Substitution, Formula 55 m{St(lOtz +3)V/3+5t2 —94/5In [\/5t +v/3+ 5t }+C
V16 - 3t? V16 -u?
j—dt:j—du =
t u F55 .
u=-/3t a=4 b. Substitution; Formula 48
du=4/3 dt
=3 Itg 3+5t° dt:th\/3+5t6 t2dt=
l6_ a2 _qin|4TVI6=3") ¢ utt’
J3t e du=3/5tdt
—sjuz 3+uldu =
b. Substitution, Formula 55 75 F48
I\/16—3t6 dt_ItZ\/16—3t6 G a=3
t B 3 B 5.3 6 ( 6)
i 1 —
L N { ot ( ot +3) J3+5t
du=33 t2dt 75 g +C=
) —| 5t3 +/3+5t°
lj- 16—U2 w n \/7 + +
2 I s
! = B 5t3(10t° +3)y/3+ 56 —
1 5 44416 -3t5 600 | 9/5 In|5t3 +\/3+5t6‘
=4416-3t —4In—3 +C
3 3t
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21. a. Complete the square; substitution;

b. Substitution, Formula 98

J- sintcost _J~ du =
Formula 45. V3sint+5 “+/3u+5  Fos
J. _J- dt 3 du _ u=sint a=3,b=5
= = = du=costdt
’\/t2+2t—3 \/(t+l)2_4 \/u2_4§i2 u=cos

u=t+l
du=dt

%(3sint—10)\/3sint+5 +C

n|(t+) +Vt? +2t-3+C 24. a. Formula 100a
i et . | dz \/_ AN 42—\/_
. Complete the square; substitution; 4, Fl00 N
Formula 45. 25-4z a__4a 5 S-4
J' dt _J- dt _ b=5
Ji2 +3t-5 \/(HE)Z _29 b. Substitution, Formula 100a
u:iy 4 J- sin x __J-
du:dt2 C0S X~/5—4c0s X 5-4u F100a
U=cos x a=-4
29 = In (t+g)+\/t2 +3t-5 du=-sinxdx b=5
l F45
|\/5 4cosX — f|
|\/5 4cosx+\/_|
22. a. Complete the square; substitution; |m+\/'|
Formula47
|\/5 4cosXx — \/_|
I X2 +2x J‘«/(x+1) —4
X+1 x+1 25. Substitution; Formula 84
u=x+1
du=dx fsmh 3tdt = Isnnhzudu =
5 u=3t F84
u _4 du=3dt
I du =
u F47

a=2

X2 +2x—3—25ec‘1[XT+1j+C

1(lsinh 6t—§t +C :i(sinh 6t—6t)+C
34 2 12

26. Substitution; Formula 82

sech/x
b. Complete the square; substitution; I N dx:2'[sechudu o
Formula 47. UZ&X
/ 1
J- X2 —4x (x— 2) —4 dufmdx
- o 2 2tan’1‘sinh ﬁ‘+c
du=dx
u-_4 27. Substitution; Formula 98
j u du;ﬂ I costsint t__J- U -
a=2 ~2cost+1 J2u+1  Foes
= a=
X=2 3u :C(isstintdt b=1

x2 —4x —2sec! (T] +C

23. a. Formula 98

y 2
dy = —(3y-10),3y+5+C
J.1/3y+5 y ':393527(y W3y
a=3,b=

—%(ZCost—Z)\/Zcost +1+C=
%(1—cost)\/2(:ost +1+C

28. Substitution; Formula 96

.fcostsmt\/4cost dt——ju\/4u ldu =

u=cost F96
du=-sintdt a=4
b=-1

3
—6—10(6005t +1)(4cost —1)4 +C
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29. Substitution; Formula 99, Formula 98 37. Using a CAS, we obtain:

2 p
ICOS tsmtdtz_J- u du = j /Z;deﬂiOB??
Jeost +1 Ju+l  F99 0 1+2cos”x
u=cost n=2
du=-sintdt = 38. Using a CAS, we obtain:
2 u X e 000021
—g{uz u+1—2jmdu} = -[—fr/44+tanx X
{ 2TT- 2[ - Z)MH 39. Using a CAS, we obtain:
2 —
[P 2 - 4in(2)+ 2~ 477259
2 x°—-2x+1

—éx/cost +1[cos2 t —%(cost - 2)}+C

40. Using a CAS, we obtain:

30. Formula 95, Formula 17 _2tan—1 \/g —£z0.72973
J_ 1 dX B Il u [2u ( ) 2
©+x%)°  Fos
n=
] a=3 41, 0mdx = [In|x+]ﬂ =In(c+1)
1 X dx _ Inc+)=1=c+l=e=
232 +3I 2\2 kg
36LE+x)° T(@+x7)" |Fos c=e-1~171828
a=3
- 42, Formula 17
1 X 1 X dx c
— T+3 — 5 +I 5 jc dx = [Ztan‘li =2tan?
36| (9+x°) 18{ (9+x°) “9+x 05241 F17 0
1 X X 1 X 2tan™ c=1:>tan‘1c=1:>
= — 5ot 5 +tan"| - [ +C 2
F17 36 | (9+x°)°  6-(9+Xx°) 3 1
a=3 c=tan~ 0.5463
31. Using a CAS, we obtain:
+ COS2 X 43. Substitution; Formula 65
jo 1+SinXdX=7Z—2 ~1.14159 I"L(Xx_:f_)dx Ilnudu =5
32. Using a CAS, we obtai o=
. Using a , We obtain:
>ing ) (x+D)[In(x+1)~1]. Thus
[ sech ¥/x dx ~ 0.76803 . .
jo In(x+1) dx =(x+1)[In(x+1) -1]; =
33. Using a CAS, we obtain: (c+1)In(c+1)—c and
[sin'? xdx = izi’; ~0.35435 (c+DIn(c+D)-c=1=In(c+1) =1=
c+l=e=c=e-1~1.71828
34. Using a CAS, we obtain: 44, Substitution ; Formula 3
[ cos —dx— 7 ~1.17810 ¢ X 1.c2411
8 Io W2 11 dx-EL Ldu
; Pn. u:x2+1
35. Using a CAS, we obtain: du—2x dx
141*/; ~0.11083 L e
+ c +1 2
=[1 ==In(c” +1
. | 2[ N > (c+1)
36. Using a CAS, we obtain: 1

s ZInc® +) =1=c? +1=¢?
jo x*e */2dx = 768 —3378e%'? ~ 14.26632 ;N +)=1=c"+l=e"=

c=+e%—-1~2528
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45.

46.

There is no antiderivative that can be expressed
in terms of elementary functions; an
approximation for the integral, as well as a
process such as Newton’s Method, must be used.
Several approaches are possible. ¢ =~ 0.59601

Integration by parts; partial fractions; Formula 17

c. Summarizing

jgm(x?’ +1)dx =

xIn(x3 +1)-3x+In(x+1) -

1,02 “1({2,, 1 =
Eln(x —x+1)+\/§tan (%(X—E)) ,

3
c+1
a jln(x +1) dx =xIn(x® +1) - 3j = c(ln(c3+1)—3)+|n[—]+

u=In(x3 ) X3 +1 Je? —c+1

3x
du="2— _1( ) J3r

3 3tan c—2)|+—
dv:é(x,J\rllzx \/7 \/—( 6

xIn(x3+1)—3j[1— 31 )dx:
X”+1

c+1
c(ln(c3+1)—3)+|n[—]+
[2
= c°—c+1
xIn(x® +1) —3x+3j(+} dx G(c)= =
(X+1)(x* —x+1) J3tan L (J—(C_ ) ”—1
b. 1 __A + Bx+C _ and G’(c)=|n(c +1) we get
2_ 1 x2_
(x+D(x“—x+1) X+l xc—x+1 - 1 > 3 2 S
(A+B)x? +(B+C— A)x+(A+C) a, | 2.0000 | 1.6976 | 1.6621 | 1.6615 | 1.6615

(x+1)(x -X+1)
A+C=1 B+C=A A=-B =

Using Newton’s Method , with

Therefore
joc IO +1)dx =1 = ¢ ~1.6615

Al g1 c_2

3 3 47. There is no antiderivative that can be expressed
Therefore in terms of elementary functions; an
SJ‘ 1 dx = approximation for the integral, as well as a

(x+1)(x% - x+1)

1 X—2
Ix+1dx_-[ 5 x+1dx:

48.

process such as Newton’s Method, must be used.
Several approaches are possible. ¢~ 0.16668

There is no antiderivative that can be expressed
in terms of elementary functions; an
approximation for the integral, as well as a

(X_f) process such as Newton’s Method, must be used.
u=x— Several approaches are possible. ¢ =~ 0.2509
du=dx

3 49. There is no antiderivative that can be expressed

In|x+]4—%ln‘x2 —x+1‘+\/§tan’1 (%(x—%))

50.

in terms of elementary functions; an
approximation for the integral, as well as a
process such as Newton’s Method, must be used.
Several approaches are possible. ¢ =9.2365

There is no antiderivative that can be expressed
in terms of elementary functions; an
approximation for the integral, as well as a
process such as Newton’s Method, must be used.
Several approaches are possible. ¢ ~1.96
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51. f(x)=8-x g(x)=cx a=0 b:% 53. f(x)=6e_% g(x)=0 a=0 b=c
+

8
a. J': x(f (x)—g(x))dxzj‘o%+lgx—(c+1)x2 dx = a J‘: X(F () = g(x) dx = GJ‘g z(e—% dx =

8
[ a2 _( c_+1j Xgrﬂ 256 512 I A
3

o (©+D? 3D’ dumdx

256 e

3(c+1)? 6{—3xe_%} +18J.:e_% dx =
0
c+l y
b. F(x) = g(0)dx = [7e1 8= (c+1)x dx = X c ¢
Jo (F00-g0pax=[g (c+Dx dx {—lSe_A(x+3)} _ 186 73 (c13)+54
0

[SX_EC_HJXz}%ﬂ: 64 32 _
2 (c+1) (c+1) Cx
32 i b. f:(f(X)—g(X))dX=j06e Adx:

(c+D) —18(e_% —1}

_— 256 c+l) 8
¢ Xx= 3(c+12 )\ 32 T 3(c+1) c. For notational convenience, let
_C
5= 5 C_1 u=-18e A;then
TS5 T3 o U(c+3+54_ cu 3(u+18)
u+18 u+18 u+18
52. f(x)=c g(xX)=x a=0 b=c cu
+3
u+18
b c
a. Iax(f(x)—g(x))dx=J.0cx—x2dx= g=2—_M _ 4 C _ 4
. u+18 1418
o X c
=] == 1 1 _-%
2 3 6 c= 5 1=——_—¢ /3
0 efA c+1
b c Let
b. ja(f(x)-g(x))dx:jo(c—x)dx: 1y 19 1
h(c) e , h'(c)==e 5
2¢ 2 c+l 3 (c+1)
{cx—x—} & and apply Newton’s Method
2 0 2 n 1 2 3 4 5 6
ay, | 2.0000 | 5.0000 | 5.6313 | 5.7103 | 5.7114 | 5.7114
o (B 2) ¢ c~5.7114
c. X=|—|—=|==
6 \c2) 3
. 7x
X=2=Cc=6 54. f(x):csm(Z—J g(x)=x a=0 b=c
c

(Note: the value for b is obtained by setting

csin (Z—X]: X This requires that X be a zero for
c c

the function h(u) =u —sin(%uj . Applying

Newton’s Method to h we discover that the zeros
of h are-1,0,and 1. Since we are dealing with

- X
positive values, we conclude that — =1 orx =c.)
c
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b c . [ 7X 2
a. ja x(f (x) = g(x)) dx = jo {cxsm[zj— X }dx

3 C
c . (mX X
=I cxsin| — | dx—| —
0 (ch {3}0

u:ix, du :idx
2c 2c

(2

3
3 3
= 4—[smu ucosu]o/ {C :l

3

T

3

N

c
3

N|

F40 ;2 3
4 1
- 53]
b. I:(f (X)-g(x)dx = jg{csin(g—:]—x} dx =

C
2¢? ax) x? 2c%  ¢?
-—=Cos| — |—-—| =———=
T 2c 2 0 T 2

3[12- 72
_ 3r? 2(12 - 72)
c. X= =c
C2(4—ﬂj 37(4-r)
2
X=2=c= A7) 3708
12—-r7
55. a. erf(x)= jxe‘tz dt
. a 7l
d 2
- —erf (x :—e X
i (x) NS
b. Si(X)= jxmdt
d _sinx

t2
56. a. S(x)= J sin {TJdt
X
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58.

59.

60.

b. C(x)= jcos[ Jdt

2
iC(x) = cos[ﬂj
dx 2

a. (See problem55a.). Since erf’(x) >0 for all
X, erf (x) is increasing on (0,0).

— 2
b. erf"(x) =2 which is negative on

Jz
(0,), so erf (x) is not concave up
anywhere on the interval.

a. (Seeproblem56a.) Since
S'(x) :sin(%xzj, S'(x) >0 when

2

0<Zx2 <7 or O<x2<2; thus

S(x) is increasing on (Ox/E)

b. Since S"(x) wrxcos(%xzj, S"(x)>0
when

2 T 3z

0<—x <— and —<—x < 2r,
2 2 2 2

or0<x?><1 and 3<x%<4.
Thus S(x) is concave up on

0.)U(3,2).
a. (See problem 56 b.) Since
C'(x)= cos(%xzj, C'(x) >0 when

2 T 3z

0<£x <= or —<£X2<27r; thus
2 2 2 2

C(x) isincreasingon (0,1)U(~/3,2).

b. Since C"(x) = —ﬁXSin(%ij, C'(x)>0

when 7z <%x2 <2x. Thus C(x) is concave
upon (+/2,2).

From problem 58 we know that S(x) is concave
up on (0,1) and concave down on (1, \@) so the
first point of inflection occurs at x=1. Now

1. . .
S = IOS|n (%tz)dt . Since the integral cannot

be integrated directly, we must use some
approximation method. Methods may vary but
the result will be S(1) ~ 0.43826 . Thus the first

point of inflection is (1,0.43826)
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2
X 1 1
i 17. False: =1+ -
7.7 Chapter Review W2 _1 2(x-1)  2(x+1)

Concepts Test

18 T X2 _ 2, 8 . 3
1. True: The resulting integrand will be of the : : 2 =_; 2(x+1)  2(x—1
form sin u. X(x*=1) (x+1)  2(x-1)
. P ; 2 _
2. True: The resulting integrand will be of the 19. True: X 2+ 2 =g+ - X
form ! . x(x“+1) X x°+1
a’ +u?
X+2
3. False: Try the substitution 20. False: m
S SR -
u=x",du=4x"dx 1 i+i_;
X x2 2(x=1) 2(x+1
4. False: Use the substitution u = x> —3x+5, X (x=1) 20x+D)
du = (2x — 3)dx. b2
o . 21. False: To complete the square, add —.
5. True: The resulting integrand will be of the 4a
form 22. False: Polynomials can be factored into
a +u products of linear and quadratic
6. True: The resulting integrand will be of the polynomials with real coefficients.
form 1 _ 23. True: Polynomials with the same values for
a2 _x2 all x will have identical coefficients
for like degree terms.
7. True: This integral is most easily solved

with a partial fraction decomposition. 24. True: Let u=2x;then du = 2dx and

Ixz 25— 4x2 dx:%ju2 25-u? du

8. False: This improper fraction should be
reduced first, then a partial fraction which can be evaluated using
decomposition can be used. Formula 57.

9. True: Because both exponents are even 25. False: It can, however, be solved by the
positive integers, half-angle formulas o 2
are used. substitution u =25-4x“; then

du =-8xdxand
10. False: Use the substitution

Cax? -t _
u=1+e*, du=e*dx IX 25-4x" dx = 8‘[\/Udu_

. 1 2,3
11. False: Use the substitution —5(25—4X) +C

u=-x2-4x,du = (—2x—4)dx
26. True: Since (see Section 7.6, prob 55 a.)

12. True: This substitution eliminates the , 2 52
radical erf'(x)=—=e" >0 forall x,
' N
13. True: Then expand and use the substitution erf (x) is an increasing function.
u =sinx, du = cos x dx )
27. True: by the First Fundamental Theorem of
14. True: The trigonometric substitution Calculus.

x = 3sin t will eliminate the radical. . ]
28. False: Since (see Section 7.6, prob 55 b.)

. _ 2 i
15. True: Letu=1Inx dv = x“dx si'0) = 21X which is negative on,
1 X
du= ;dx V=3X say, (z,27), Si(x)will be decreasing

on that same interval.
16. False: Use a product identity.
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Sample Test Problems : 2
10. I—SInX+COSXdX=I£COSX+CO_S dex
4 tan x sin x
1. j dt—[\/9+t } —5-3=2 )
o+ B [ 1-sin x]
= || COSX +—— dx
sinx
2 -
2. jcotz(zg)dgsz?SZ 20 40 = [ (cos x+ esc x—sin x)dx
sin® 26 =sinx+Incsc x—cot x|+ cos x + C
1-sin? 20 2
= I_—de :j(csc 20-1)do (Use Formula 15 for Icscxdx )
sin® 20

:—%cot29—¢9+c

11, -1 X—_1j+c

j—dx = isin (
Vi6+ax-2x2 2 3
12 _ 12 _
3. .[;[ e“®Xsinxdx = [—ecosx}g =e-1~1.718 (Complete the square.)

12. szexdx —eX(2-2x+x%)+C

4 . . .
4 .[nstin % dx — [sm 2% —ECOSZXTT/ :1 Use integration by parts twice.
. > ,
((;Jse ir]tezgrzztio? by parts with u =, 13. \/7tant dy = \/75ec tdt
v =sin2xdx.

, _J.\/;sec t
> .[y+1 dy = J.( y+2——y]dy 1/2+3y V2 sect

13 12 _ L [sectdt = In|sect+tant|+C
—o\3_= _ 1
3V 5y +2y-2In[l+y[+C \/§J. NE | |

1 WY +3
6. [sin®(2t)dt = [[L-cos® (2t)]sin(2t)dt :Tln N Y
3 2 2
3 3
= —%cos(Zt) + %cos3 (2t)+C
1 |JYP+2+y
=—In +C1
e ] e S
y2 —4y+2 y? 4y+2
2 _1 In y2+2+y +C
:—In‘ ~4y+2/+C =—=Inl\Jy* +2
S In|y” -4y NG 3
2,2
8 13/2 dy [/2 1]3/2 2_1-1 Note that tant ==, so sect = 1> 2
. = y—‘,— = —1= - 2; = >
0 J2y+1 0 2 \/;
2t
9, jte dt:et+2ln‘et—2‘+C 14. I W’ dw=—Lw? In‘l—w2‘+c
e -2 1-w? 2
(Use the substitution u = el -2, Divide the numerator by the denominator.
du = e'dt
o _ Ut?2 15. jﬂdx=—ln|ln|cosx||+c
which gives the integral I—du.j In|cos ¥|
u
Use the substitution u = In|cos x|.
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16. J‘3dt —I—dt J- t+2

22. u :In(y2+9) dv=dy

t2-1 2+t+1 d 2y d
u= y v=y

Ly L2 o

t-1 27t 4t+41 02
g Lp2elas [In(y? +9)dy = yIn(y? +9) - [ SO

Sl 4 +

t-1 27¢24t41 y
gl 31 :ym(yag)_;[z_i]dy

t-1 27t 4t41 2 (t+%) +% y<+9

=yiIn(y? +9)-2 +6tan‘1(l]+c
:In|t—]4—%ln‘t2+t+q—ﬁtan‘1(2t+l +C yIn(y” +9)-2y 3

NE

. ~3e'/3(9cos3t —sin 3t
17. jsinhxdx:coshx+C 23. je”3sm3tdt: ( )ic

82
Use integration by parts twice.

18. u=lIny, du=£dy t+9 t+l
y 24. jt3+gtdt_j dt+j

1
=j¥dt—jt2+9dt+jt2+9dt

- In|t|—%ln‘t2 +9‘+%tan‘1(%j+c

5
j%dy :Ju5du :%(In y)6 +C

dv = cot? xdx
vV =—cot X —X

19. u=x
du =dx

Ixcotzxdx——xcotx X —J(—cotx x)dx
COSX COS2X

2 4

+C

1 25. jsin%cosidx =
=—xcotx——x2+ln|sinx|+C 2 2
2 Use a product identity.

2
26. jcos“ G)dx = j[“ 0205 XJ dx

:%jdx+%j2cosxdx+%jcosz xdx

Use cot? x = csc? x—1 for J'cot2 x dx.

20. u :\/;, du =%x‘1/2dx
Ismf

dx = 2.[smudu 1 1 1
=—Idx+—J'cosxdx+—J'(l+cost)dx
4 2 8
=—2005\/§+C

3 1. 1 .
=—X+—=8sinXx+—sin2x+C
2 2 8 2 16
21. u=Int ,du=?dt

1
2 2y12 27. [tan®2xsec2xdx = = [ (sec? 2x —1)d (sec 2x
jlnt B (11G50) | 2[( )d (sec 2x)
t 4 1 1
:gsec3(2x)—55ec(2x)+c

28. u —f du ——dx
24x

Jx 2X 1 u?
Il+fdx_'[1+«/_[2f ) Zdeu
I—(u D 11)+1d ZI(U —1+ij du

u+l
U2
=2 7—u+|n|u+]j +C
=x—2&+2|n(1+&)+c
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29.

©

‘[tan3/2 xsec* xdx = J'tan3/2 x(1+tan2 x)sec2 xdx = ‘[tans/2 xsec? xdx+jtan7/2 xsec? x dx

2
= Ztan®/2 2y4c

2
X+—tan
9

30. u=tY%+1,w-1°%=t,6(u-1)°du=dt

_ N1\
[ = [P M B 6L aus6] T du =-6in[t 41+ 6in[tC|+C
t(t° +1) (u-1°u  “u(u-1 u u-1
31. u=9-e%Y, du=-2e¥dy

2
-e

32. Icoss x+/sin xdx = J'(l—sinzx)z(sinll2 X)cos xdx = Isinll2 xcosxdx — 2jsin5/2 xcosxdx+.]'sin9/2 X cos x dx

:gsin3/2 x—isin”2 x+£sin11/2 x+C
3 7 11

33. Ie'”(3°°SX)dx:J'3cosxdx:3sinx+C 36. x=atant, dx=asec’tdt
[2 .2
34. y=3sint,dy=3costdt j XTHa gy o (858t ec2tt
% 3cost x* a*tan‘t
j dy:_[ —-3costdt sec® t cost
y 3sint 2.[ 2.[ dt
L sin?t tan* t sintt
—sin .
:SI sint =3J.(csct—smt)dt = 12 (_1_13 j+C :—izcsc3t+C
a“\ 3sin°t 3a

:3[In|csct—cott|+cost]+C 1 (2 +a2)¥2

= +C
J9—y2 2 3
_amPP oY ooy i s x

y 2
Note that tant =5, S0 csct =&.
y a

Note that sint:E,so csct=§ and
y

5 37. u= W+5,u2=W+5, 2u du = dw

9-y
cott = ——. dezz u?-5 du:gu3—10u+C
y J.\/W+5 J-( ) 3
35 u—e du—4e4xdx :§(W+5)3/2—10(W+5)1/2+C

:—tan‘l(e4x)+C

[ e

38. u=1+cost, du=-sintdt

1+e¥ 1+u? it dt
sin
=-241+cost +C
'[\/1+ cost J
39. u=cos’ y, du=-2cos ysinydy
sin ycos 1, du
i P
9+cos™ y 9+u
2
= _ltan_l m +C
6 3
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dx dx
40. -
I\/l—6x—x2 I\/lo-(x+3)2

. 1 x+3
=sin""| — |+C
(@j

4x*+3x+6 _A B Cx+D
x2(x2+3) X x> x°+3
A=1,B=2,C=-1,D=2

41.

2 —
j—‘“‘z +fx+6dx:j1dx+2ji2dx+j—;‘+2d
X“(x“+3) X X X“+3
=J‘ldx+21'i2dx—l idx+2f 3 dx
X X 2° x“+3 X< +3

= In|x|—g—%ln‘x2 +3‘+%tan‘1(i]+c
X

Ne

42. x=4tant, dx = 4sec®tdt

dx 1 1 . 1 X X
—————=—|costdt=—sint+C =— +C = +C
I(16+><2)3’2 is) 16 16[\/x2+16J 16vx% +16

2
43. a 34X3:A+ BZ+C3
(2x+1)°  2x+1 (2x+D° (2x+1)
b 7x-41 A N B N C . D N E
L x=D2@-0° Xl (=1 2-x 0 (2-x7 (2-%)°
c 3x+1  Ax+B N Cx+D
' (x2+x+10)2 x2 +x+10 (x2+x+10)2
q (x+1)2 A B C D Ex+F Gx+H
' 2 2 21— 2+1 * 27 2 T2 2
(x“=x+10)“(1-x°) X (1-x) +X  (1+x)° x°-x+10 (x°-x+10)
x° A B c D Ex+F Gx+H
& 4.2 2 3+ 2" 3 172 T2 2
(x+3)" (X~ +2x+10) X+9 (x+3)° (x+3)7 (x+3)" x“+2x+10 (x“+2x+10)
; (3x*+2x-1)%  Ax+B ,_ Cx+D Ex+F

= +
(2x% +x+10)°  2x°+x+10 (2x%+x+10)%  (2x% +x+10)°

2
2 1 2 1
44, a. V = TCJl I:W] dx = chl mdx

alpol
3 3
2
V=23 2ok = Zinf-inf3-x ] =Z(n2+1n2) = Zin2~14517
13{x 3-x 3 1 3 3
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2-2X+3-— 3 J-z 3-2x

2 1
X =—mx dx+3n| ————dx
\3x - X2 j \3x— \V3x— L \/3x—x2

2 2
2 o _
=—n[2 3x—x2} +3n, ;dx ={—2n\/3X—X2 +3msin 1(MH

1 g_(x_g)z 3 Jh
4 2

- —27:x/§+3nsin_1%+ 2nx/§—3n3in_l(—%] = 6nsin_1% ~ 6.4058

b. V2nJ-

2
> y_)1(6 y’_g

L= j 1+[ )dx IO\/:dx

X =8tant, dx = 8sec? t

N

-11 -11 -
tan "5 tan = tan
L =j T 2sect-8sec? tdt =8j T 2secdtdt = 4[secttant +In|sect + tant|]

0 0 0

[

3 3
0 (x* +5x+6) 0 (x+3)“(x+2)

1 A B C D

2 2~ + 2t * 2
(x+3)°(x+2)° X+3 (x+3)° X+2 (x+2)
A=2,B=1,C=-2,D=1

3

3

V:nj 2,1 5 2,1 5 dx:n[2|n|x+3|—i—2In|x+2|—i}
0l x+3 (x+3)° X+2 (x+2) X+3 X+2

=7 2In6—£—2|n5—1 - 2In3—1—2In2—£ =T l+2|ni ~ 0.06402
6 5 3 2 15 5

]
2

} J5+4In [1+IJ 4.1609 Note: Use Formula 28 for Isec3tdt.

47. V = 2xf z;dx
0 %% +5x+6
X A B
2 - *
X“+5x+6 X+2 Xx+3
A=-2,B=3
2
V=2 ————+——|dx =2%|-2In(x+2) +3In(x +3
njo[ X+2 x+3} n[ ( ) ( )]

= 2nf(-2In5+3In6) - (-2In2+3In3)] = 2n(3|n2+2|n§] = ZRIH%zl.SSll

48, V = 27t'|.024X2\/2 ~xdx

2-X du = —dx
2-u dx =—du

X <

2
0 2
V= anz 4(2—u)2\/a(—du) =8nj0 (4u1/2 —48/2 +u5/2)du =8n[gu3/2 —§u5/2 +§u7/2}
0

5
_ 87{1&/5 322 1612 J _ 87{128\/5 J _1024\2n

3 5 7 105 105

~ 43.3287
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49. V = znj 2(e* -1)(In3- x)dx_4nj *[(IN3)eX - xe* - In 3+ x]dx

Note that .[xexdx =xe* - Iexdx = xe* —eX +C Dby using integration by parts.
In3

V= 47{(In 3)eX —xe¥ +eX = (In 3)x+%x2} = 4n[(3|n3—3|n3+3—(ln3)2 +%(In 3)2j—(ln 3+1)}

0

= 4n[2—|n3—%(ln 3)2} ~ 3.7437

3f 18

s

X =3tant, dx = 3sec? t dt

/3 /3 m/3
A=[" +3secztdt:2 "o SO gt =2[—_i} :2(-i+zj:4(1_ij ~ 1.6906
/6 27 tan® tsect /6 gin? t V3 J3

50. A=

0t
51. A= =

t __A B
t-1°2 (@t-1) (t-1?
A=1B=1

of 1 1 17 1 6
A:—j—6|:tT1+ (t—l)z}dt :—[In|t—]4—tTJ_6 =—{(0+1)—(In7+7ﬂ: In7—7z1.0888

52. ¥

] —

=Y

\ .-

2
V:TCJ._:L[LJ dx = J._lzidx
3 x/x+4 =3 x4 (x+4)
% A B_C
X

x2(x+4)_ x2  x+4
9

A=-2 p-9c=2
4 4

-1
-1 -1
V:nj LI LY e P S S dx—gn[ In|x|—£+|n|x+4|}

=31 4x  x2  4(x+4) 47931 x y2 x+4 4 X 3

Z%Tﬁ[(“*'“)‘("”“%ﬂ 9_“(§+2| 3):37“(4+3In3) ~34.3808

53. The length is given by

-2 2
n/3 n/3 cos X n/3 [SIN“ X+ C0S“ X n/3 1 nl3
j JLH[F/ (0 dx j k=] ——dx = In/ﬁsmxd —jﬂ/ﬁcscxdx

sm X sSin™ X

|n\2 3| = In[ j—ln(Z B)=In [2J§+3J ~ 0768

71/3

= [In |csc x — cot x|]
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54.

55.

56.

57.

Instructor's Resource Manual

a. First substitute u = 2x, du = 2 dx to obtain J'\/Sl 4’

j—“m;‘“‘dx — /81— 4x2 —9In 9+vBL-4x* “821)(_‘“‘ +C

du, then use Formula 55:

:J-\/Slu—u2

3 3
b. First substitute u =e*, du = e* dx to obtain jex (9—e2X)A dx = f(Q—UZ)A du , then use Formula 62:

_[ex (9—e2x)% dx =

X

e—(45—2e2X) 02 + 2301 ¢ | e
8 8 3

a. First substitute u =sin x, du = cos x dx to obtain jcos X\/sin2 X+4 dx =j u?+4du , then use Formula 44:

sin x+\/sin2 X+4

jcosx sin? x + 4 dx=¥x/sin2x+4+2ln +C
b. First substitute u=2x, du=2dx to obtain J' %dx=lj du2 .
1-4x 27 1-u
Then use Formula 18: j L dx:iln 2x+1 +C.
1—4x2 4 |2x-1
By the First Fundamental Theorem of Calculus,
sin x XCOS X —Sin X
] — x=0 . ————— for x#0
Si'(x)=1 x Si"(x) = X2
1 x=0 0 forx=0

Using partial fractions (see Section 7.6, prob 46 b.):

1 1 A Bx+C (A+B)x +(B+C— A)x+(A+C)
1+x° (x+1)(x2—x+l) x+1 x2_x41 (x+1)(x% - x+1)
1 1 2

A+C=1 B+C=A A=-B =>A=- B=—- C=—-.
3 3 3

Therefore:

(><—3)2 :

u =x—£, du—dx
2

1 1 1
P | e b

2 }z— In|x+1| - I

-x+1

1
In
F17 3[

c+1

c®—c+1

3
={In|x+1- j ¥ ngu +ﬁtan1(%(x—;))]
2

0] Ichx=1 In
0143 3

Letting G(c) =%[In

X+1
v X2 —x+1
+3 [tan‘1 (%(c—%)) + %ﬂ .

_ o+t +\/§[tan‘l(j_(c—;))+£} -0.5 and G’(c)=L3 we apply Newton’s
c?—c+1 3 6 1+c

Method to find the value of ¢ such that j dx 0.5 :
n 1 2 3 4 5 6
ap, | 1.0000 | 0.3287 | 0.5090 | 0.5165 | 0.5165 | 0.5165

Thus ¢ ~0.5165.
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Review and Preview Problems 14. Note that, if @ = sec ™ x, then

X241 2241 5 sech=x=cosd =~ = 0=cos L. Hence
1. lim——m=—7—=— X X
x>2x2-1 22-1 3 1
lim sec t x = lim cos™* = =1
2x+1_2(3)+1 7 X—>0 X—>00 X

2. lim
x—>3 X+5 3+5 8
15. f(x)=xe™*
2 _ y
3 lim X“ -9 _lim (x+3)(x-3) _ A
x>3 X=3  x53 x—3 ~
lim(x+3)=3+3=6 2L
Xx—3 L
2 _ _9)(x— B
4 lim X246 iy (X22)(x=3) T
Xx—2 X—2 xX—2 X—2 N 5 10 X
lim(x-3)=2-3=-1 -
X—2 —
2
. sin2x .. 2sinXxcosXx ~
5. lim = lim = L
x=>0 X x—=0 X We would conjecture lim xe™ =0.
. sin X X0
lim 2| —— |cosx=2()() =2
x>0 L X 16. f(x)=x%"
. tan3x .. (sin3x)( 3 AY
6. lim = lim —|= B
x—0 X x—0{ c0s3x J\ 3x B
. 2
lim 3[5'”3")(#) —30)(L) =3 N
x—0 3X €0s3x N
ngs_n_n_n_n_,
2 1+ 12 140 L 5 10 X
7.1 —lim—X"-="_19 -
X—0 X< —1 X—)ool i 1-0 B
2 -2
X I
X2 - . .9y
li = lim 1+ =1+0=1 We would conjecture lim x“e™* =0.
X—0 x4 -1 X—w Xc -1 X—©
35X
2+1 17. f(x)=x%
8 | 2x+1 | X 2+0 A y
x>0 X+5 x5y 5 140 -
X 5
9. lime *=lim ix=o B
X—>00 X—o0 @ L c h
L 5 10 X
2
10. lime™* = lim iz:O B
X—00 X—00 eX N
5L
11.  lim e® = o (has no finite value - . .
Xi&e w (has inite value) We would conjecture lim e =0.
X—00
12, lim e = lime? =w
X—>—00 (u=—x) U—>oo
(has no finite value)
13. lim tan‘1x=£
X—>00 2
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18. f(x)=x"e" 23, ja X dx=%[ln(1+ XZ)]sz(Wj

2 a 1 2 4 8 16

B In(\ll+azj 0.3466 | 0.8047 |1.4166 | 2.0872 | 2.7745

LY

5 10
B 24, j dx [In+x)]5 =In(1+a)

2
- a 1 2 4 8 16

- . 10 —x In(L+a) | 0.6931 | 1.0986 | 1.6094 | 2.1972 | 2.8332
We would conjecture lim x~e™ =0.

X—00
al F 1R 1
10 .- 25. —dx=|-=| =1-—
19. y=x iy '[1 X2 L Xl a
480,000 |- a 2] 4] 8 16

1-=1050.75 | 0.875 | 0.9375

_ a -
26. J‘aidxz _i} _1 1_i}
2

240,000
13 L 2x% | a’
a 2 4 8 16
1131 || 0.375 | 0.46875 | 0.4921875 | 0.498046875
2| g2
L
10 20 x
We would conjecture lim x%¢™* =0.
x> 27. j—dx [J‘] =4-2a
a\/x

20. Based on the results from problems 15-19, we
would conjecture SN AN T

4-2a |2|258579 | 3 |3.29289 | 3.5

limx"e™* =0
X—00
41 4 4
a a 28. I —dx=[|nx]a:In—
21. .[o e Xdx = [—e‘x]o =1-¢@ ax a
a 1 }/ }/
2 i 8 16
a 1 2 4 8 16 Z % it
— InZ | 1.38629 | 2.07944 | 2.77259 | 3.46574 | 4.15888
1-e72 | 0.632 | 0.865 | 0.982 | 0.9997 | 0.9999+ a

a2 1 _2 g2
22. j xe X dx = ——[e X }:1—
0 =2 2 2
du=-2xdx
a 1- 12
262
1| 0.81606028
2 | 0.93233236
4 | 0.999999944
8 |1-(8.02:107%)
16 1
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